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GEOMETRIC QUANTIZATION AND
THE UNIVERSAL ENVELOPING ALGEBRA

OF A NILPOTENT LIE GROUP

NIELS VIGAND PEDERSEN

Abstract. We study geometric quantization in connection with connected nil-

potent Lie groups. First it is proved that the quantization map associated with

a (real) polarized coadjoint orbit establishes an isomorphism between the space

of polynomial quantizable functions and the space of polynomial quantized

operators. Our methods allow noninductive proofs of certain basic facts from

Kirillov theory. It is then shown how the quantization map connects with the

universal enveloping algebra. This is the main result of the paper. Finally we

show how one can explicitly compute global canonical coordinates on coadjoint

orbits, and that this can be done simultaneously on all orbits contained in a

given stratum of what we call "the fine ^"-stratification of the dual of the Lie

algebra". This is a generalization of a result of M. Vergne about simultaneous

canonical coodinates for orbits in general position.

Introduction

Let G be a connected Lie group with Lie algebra g, and let O be the coad-

joint orbit through the element g e g*. Further, let h be a real polarization

at g, and let F be the corresponding (/-invariant polarization of the symplec-

tic manifold O. In this situation the space £?F(0) of smooth 7r-quantizable

functions on O is well defined (cf., e.g. [9]). Let 7/0 be the analytic subgroup

corresponding to f), and set 77 = G HQ, where G is the stabilizer of g

in G, and suppose that there exists a unitary character ^ : 77 -> T such that

X(expX) = e'{s,x) for all X e fj. This means that the orbit O is integral. We

have in [9] defined the space 3§ (G,x) of quantized operators. This space can

be considered as the set of all differential operators of order at most one in the

homogeneous line bundle with base G/77 defined by x ■ The main result of [9]

was that the quantization map

Sx:^X(0)-y^l(G,X)

is a Lie algebra isomorphism.

Suppose now that G is nilpotent and simply connected. Then the space of

polynomial functions £P(0) on O is well defined, and therefore also the space

â°F(0)  (c£?F(0)) of polynomial quantizable functions. Similarly we can speak
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512 N. V. PEDERSEN

of the space sí (G ,x) (C âS (G ,x)) of polynomial quantized operators. In

the first part of the paper we show that the image of the space of polynomial

quantizable functions 3°F(0) by the quantization map S   is equal to the space

of polynomial quantized operators of order at most one sfx(G,x) (Theorem

2.4.1), i.e., ô   defines a Lie algebra isomorphism

ax:<?F(0)-+sfx(G,x).

Combined with Pukanszky's noninductive proof of the Kirillov character

formula [10], our methods can be used to give noninductive proofs of two other

basic facts from the Kirillov theory, namely that one can associate a well-defined

class of irreducible representations of G with each coadjoint orbit 0 of G,

and that the image of the universal enveloping algebra by the differential of such

a representation can be identified with the algebra s/(Rn) of all polynomial

differential operators on some space R" (the Weyl algebra); in fact, we carry

out this program in §5 (5.4.6).

Let now nx = indffTG/ be the induced representation of x • Then n is a

representative r f the class of irreducible representations associated with O. De-

noting by dnv uie differential of ny considered as a representation of U(gr),
XX ^

the universal enveloping algebra of the complexification gc of g, we can for

each u e U(gc) consider the operator dn (u) as an element of the space

3§(G,x) corresponding to all differential operators in the line bundle men-

tioned above, and, in fact, it is easily seen that dn (u) belongs to the space

s/(G,x) corresponding to all polynomial differential operators. Now from the

theorem of Kirillov alluded to above, [5] (and its extension in [2]), we have

that actually dn (U(gc)) = s/(G,x) ■ Let us now set JF(0) to be the set of

elements in U(gr) which are mapped by dnv to differential operators of or-*- X

der at most one, i.e., JF(0) = {u e U(gc) \ dnx(u) e sfl(G,x)} (it is easily

seen that the definition of JF(0) only depends on F). It then follows from

Kirillov's theorem that dnx(JF(0)) = s/x(G,x)- If we set 7(0) = ker(dnx)

we can factor dn   through 7(0) to get an isomorphism

dnx:JF(0)/I(0)^sfX(G,x).

Now from the result above the quantization map

Sx:0>l{O)-*j/\G,x)
is also an isomorphism.  This means that there is a Lie algebra isomorphism

<P : &F(0) -y JF(0)/I(O) which makes the following diagram commutative:

&F{0)        -^     JF(0)/I(0)

â„\ / d~nt

*\g,x)
In §3 we consider the problem of finding an explicit description of d>. This

problem has probably no noncomplicated solution for arbitrary polarizations. It
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turns out, however, that if f) is the Vergne polarization associated with a given

Jordan-Holder basis in g, then there is a simple explicit description of <P in

terms of the symmetrization map (Theorem 3.1.2). We use this to show how to

construct a representation n of G on L (R ' ) associated with a given orbit

0 for which not only dn is very easily computable in geometric terms, but for

which also a cross-section of the map dn from U(gc) to the algebra s/(R )

of all polynomial differential oparators on R' is very explicitly computable

(Theorem 3.2.1). In §6 we give an example of such computations.

In several previous papers I have made essential use of a stratification, due

to Pukanszky, of the dual of a nilpotent or solvable Lie algebra into finitely

many strata. This stratification depends only on the choice of a Jordan-Holder

sequence 9~ in g. We shall call it the coarse S? -stratification of g*. For a

long time I have known that a finer stratification can be useful, e.g., when con-

sidering characters of solvable Lie groups (cf. [8]). Here this finer stratification

is defined in the nilpotent case (§4). We shall call it the fine ^-stratification of

g*. Let Í? denote the index set of this finer stratification, and let Q£ denote the

stratum corresponding to «e?. We then have g" = U£er^e • In §5 we show

that there exists for each e G % rational functions p\, ... ,Pd,2,q\, ... ,qd,2

on g* with the following properties: For each orbit 0 contained in Qe the re-

strictions qx , ... ,qd,2 of q\, ... ,qd,2 to 0 and the restrictions px , ... ,pd,2

of p\, ... ,ped/2 to 0 define polynomial canonical coordinates on 0 (Theo-

rem 5.1.1). Actually we do more than that: We even give an algorithm for

constructing these rational functions p\, ... ,P¿¡2,q\, ■ ■ ■ ,qd¡2 ■ This means

that we have in particular an algorithm for explicitly constructing global canon-

ical coordinates on each coadjoint orbit of G. In §6 we give an example of

calculations carried out by means of this algorithm.

In [11] M. Vergne proved that if G is nilpotent, then there exists a Zariski

open, G-invariant subset Q of g* and rational functions px, ... ,pd/2, qx, ... ,

qd,2 such that these functions when restricted to any coadjoint orbit 0 con-

tained in Q define canonical coordinates on 0. This result is contained as

a special case (corresponding to generic orbits) in our Theorem 5.1.1. Our

method of proof is entirely different from the one in [11]; in particular we

proceed constructively, without induction on the dimension of the group.

1. Preliminaries

In the following we shall discuss various questions related to the fact that

a connected, simply connected nilpotent Lie group can be considered as Rm

equipped with a group product which can be expressed by polynomial functions.

The main result is Proposition 1.7.4. For the convenience of the reader we

repeat certain well-known facts for which there exist only scattered references.

1.1. Polynomial structures. In dealing with nilpotent Lie groups we shall find

the following terminology useful.
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Let M be an w-dimensional smooth manifold with atlas $fM . We say that

a subatlas sfM of ss?M defines a polynomial structure on M if (i) all charts in

sfM are defined on all of M and have image Rw , and (ii) for any two charts

(7,Tinj3^we have that ctot"1 : Rm -► Rm and xoo~x : Rm -y Rm are both

polynomial maps. So, if M carries a polynomial structure it is in particular

diffeomorphic to Rm .

If M and N are smooth manifolds of dimension m and n, respectively,

equipped with polynomial structures sf£ and -^n > respectively, we say that a

map f:M—yN is polynomial if the map xofoo~x : Rm —> R" is a polynomial

map for one (hence all) chart(s) o e sf® and one (hence all) chart(s) x e $/£ .

We say that / is a bi-polynomial diffeomorphism if / is a diffeomorphism and

if both / and /"   are polynomial.

If M and N are smooth manifolds with polynomial structures, then the

smooth manifold M x N carries a natural polynomial structure.

The Euclidian space Rm carries a natural polynomial structure. A bi-poly-

nomial diffeomorphism /: Rm —> Rm is a diffeomorphism such that both f

and /~ are polynomial maps. A finite dimensional real vector space V over

R likewise carries a natural polynomial structure.

Let M be a smooth manifold equipped with a polynomial structure s/M.

A chart a on M is said to be a polynomial chart, if o is a bi-polynomial

diffeomorphism from M onto Rm . The space of all polynomial functions

/: M —y C is denoted 3° (M). Any object defined on Rm which is invariant

under bi-polynomial diffeomorphisms can also be defined on M. In particular

we can speak of rapidly decreasing functions S"(M) on M, tempered distri-

butions S"'(M), smooth functions of polynomial growth rfM(M), polynomial

differential operators s/(M) (of order at most k, s/ (M) ), polynomial vector

fields %(M), polynomial differential forms etc.

1.2. The polynomial structure on a connected, simply connected nilpotent Lie

group. Let G be a connected, simply connected nilpotent Lie group with Lie

algebra g. It is well known that the exponential map exp : g -* G is a dif-

feomorphism. We shall equip G with the polynomial structure obtained by

transporting the natural polynomial structure on g to G via the exponential

map.

Let 38: Xx, ... ,Xm be a basis in g. We shall say that the basis ¿% is of

subalgebra type if the subspace g. = RXX ® ■ ■ ■ © RXj is a subalgebra in g for

each j = 1, ... , m . If 38 is such a basis then actually g ._,  is an ideal in g]

for each j = 2, ... ,m . Recall that the basis 38 is said to be a Jordan-Holder

basis if g. is an ideal in 0 for each j = 1, ... ,m .
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Let 38: Xx, ... ,Xm be a basis in 0 of subalgebra type. It is well-known

that the map Rm -> G : (xx, ... ,Xm) -* expxmXm ■ ■ ■ expx,Xx is a diffeomor-

phism. We define oG   to be the inverse of this map, i.e.,

of : expxmXm ■ ■ ■ expxxXx -> (xx,... ,xm),

and oG   is then a chart on G.

Lemma 1.2.1. Write

(tJGg)-x(xx,...,xJ = exv(Qx(x)Xx + --- + QJx)Xm),

of(exp(uxXx+--- + umXJ) = (Px(u),...,Pm(u)),

x = (xx, ... ,xm) eRm, u = (ux, ... , um) e Rm. If 38 is a Jordan-Holder

basis then Qx, ... , Qm, Px, ... ,Pm are polynomial functions and we have

Q.(x) = Xj + Qj(xj+i ,...,xm),

Pj(u) = uj + Pj(uj+x,...,uJ

for each j = I, ... ,m, where 0 . P ¡ are polynomial functions with properties

as indicated (i.e., depending only on the variables xj+x, ... ,xm, u +1, ... ,um,

respectively).

Proof. The statement about Qx, ... , Qm follows immediately from the Camp-

bell-Baker-Hausdorff formula, and the statement about Px, ... ,Pm is then

clear, cf. [6].

Corollary 1.2.2. If 38 is a Jordan-Holder basis then oG   is a polynomial chart.

For x ,y G Rm we set x • y = oG ((oG )~ (x)(o'G )~ (y)). In other words,

we identify G with Rm via the chart aG , and carry the group product on G

over to Rm . With this notation we have

Lemma 1.2.3. If 38 is a Jordan-Holder basis then the function P(x ,y) = x ■ y

is a polynomial function on Rm x Rm , and writing

P(x,y) = (Px(x,y),...,PJx,y))

we have

Pj(x,y) = Pj(xj,...,xm,yJ,...,yJ

= Xj + yj + Pj(xj+X ,.-.,xm ,yj+x ,...,ym),

for 1 < j < m, where we have written x = (xx,... ,x ), y = (yx,... ,ym),

and where Pj are polynomial functions with properties as indicated.

Proof. This follows immediately from the Campbell-Baker-Hausdorff formula

and Lemma 1.2.1, cf. [6].

The following result will be useful later. Let e be a nonempty subset of

{1,... ,m}, and set e   to be the complement of e in {I, ... ,m} .
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Lemma 1.2.4. There exist unique functions S:Rm -* Rm and K:Rm -*■ Rm

such that

' Sj = 0  for fee',

(*) I Kj = 0   for j G e,

x = S(x)-K(x).

These functions are polynomial functions, and

Sj(x) = Xj + Sj(xj+X ,...,xm)   for jee,

Kj(x) = Xj + Kj(xJ+x, ... ,xj   for jee',

where Sj and Kj are polynomial functions with properties as indicated.

Proof. Suppose first that we have found functions satisfying (*). We shall prove

by induction on j (starting at m and ending at 1 ) that S-, K-, j = m, ... ,1,

are uniquely determined and that they are polynomial functions with properties

as indicated. We have for each j = m, ... ,1

xj = PJ(S(x),K(x))

= Sj(x) + Kj(x) + Pj(SJ+x (x),..., SJx), KJ+X (x),..., KJx)).

In particular xm = Sm(x) + Km(x). Therefore, if mee we have Sm(x) = xm

and Km(x) = 0 ; if me é we have Sm(x) = 0 and Km(x) = xm . This means

that we can start the induction (at m and descending to 1). Suppose now that

the claim has been proved for all values greater than j. We shall then show

that it is valid also for the value j. If j e e we have KJx) = 0 and by the

induction hypothesis

Sj(x) = Xj - Pj(SJ+x(xj+x,... ,xm),... ,Sm(xm),

Kj+l(xj+x, ... ,xm), ... ,Km(xJ)

which shows that 5 is uniquely determined and that it is a polynomial func-

tion, since Sm, ... ,Sj+x, Km, ... , Kj+X are uniquely determined and polyno-

mial functions, and that Sj(x) = x} + S(xJ+x, ... ,xm). Similarly for Kj if

jee'.
The existence of the functions S and K are proved similarly by recursion,

starting with Sm , Km and descending to Sx , Kx.

Suppose that 38' : X'x, ... , X'm is another basis in 0 and suppose that Ar. -

*j£0/_i for 7 = 1, ... ,m.

Lemma 1.2.5. Set T = (Tx, ... , TJ: Rm -* Rm tobe the polynomial function

aG   oaG     . If 0O, ... , 0m is a Jordan-Holder sequence we have

Tj(x) = xj + Tj(xj+x,...,xJ,
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x = (x., ... ,x ), where T   are polynomial functions with properties as indi-

cated.

Proof. This follows immediately from Lemma 1.2.1 and Lemma 1.2.3.

For x e Rm we set x~x = oG (((oG)~x(x))~x). With this notation we have

Lemma 1.2.6. If 38 is a Jordan-Holder basis then the function I(x) = x~ is a

polynomial function on Rm , and writing I(x) = (Ix(x), ... ,Im(x)) we have

Ij(x) = -Xj+lj(xj+x,...,xm),

where we have written x = (xx, ... ,xm), and where 7; are polynomial functions

with properties as indicated.

Proof. This follows immediately from Lemma 1.2.3.

Corollary 1.2.7. The group operations G x G —► G: (s,t) —y st and G —y G :

s —y s~   are polynomial maps.

Suppose that 0O is a subalgebra in 0 of codimension 1, and let Ieg\g0.

Denoting by G0 the analytic subgroup corresponding to 0O it is well known

that the map R x G0 —y G given by (t,s) —y exptXs is a diffeomorphism.

Actually we have

Lemma 1.2.8. The map

RxGQ-yG: (t,s) ^exptXs

is a bi-polynomial diffeomorphism.

Proof. Let a be some polynomial chart on G and let x be some polyno-

mial chart on G0.   We have to show that the map tp : Rm —> Rm given by

tp : (t,xx, ... ,xm_l) —y o~(exptXx~ (xx, ... ,xm_x) is a bi-polynomial diffeo-

morphism. Now since we know that actually 0O is an ideal in 0 we can find a

Jordan-Holder basis 38 : Xx, ... ,Xm in 0 such that 38Q: Xx, ... ,Xm_x is a

Jordan-Holder basis in 0O and such that Xm = X. Using a = oG and x = oQ °

we get that tp(t,xx ,... ,xm_x) = (x{ ,... ,xm_x ,t), so <p is polynomial. This

ends the proof of the lemma.

Lemma 1.2.9. The chart aG   is a polynomial chart for any basis 38 of subalgebra

type.

Proof. The proof is by induction on the dimension of G. The case dim G = 1

being trivial, assume the result has been proved for all dimensions less that

m = dim G. Let 38: Xx, ... , Xm be the given basis of subalgebra type, and

set 0O = RXX © ••• © RXm_x .   Then 0O  is a subalgebra of codimension   1

in 0. Moreover, 38Q: Xx, ... ,Xm_x  is a basis in 0O of subalgebra type, and

Xm g 0O. It follows from the induction hypothesis that aG ° is a polynomial

chart on G0 = exp 0O , and since

(&G)~x(xx, ... ,xj = expxmXm(ofo)-x(xx, ... ,xm_x)

it follows from Lemma 1.2.8 that aG   is a polynomial chart.
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1.3. The polynomial structure on a simply connected homogeneous space of a

nilpotent Lie group. Let G be a connected, simply connected nilpotent Lie

group with Lie algebra 0, let b be a subalgebra of 0, and let 77 be the an-

alytic subgroup corresponding to b. We shall equip G/77 with a polynomial

structure.

First some notation. Let Yx, ... ,Yn be elements in 0. We say that Yx, ... ,

Yn is a basis in 0 (mod rj) if Yx, ... ,Yn is a linearly independent set and if

0 = RT, © • • • © RT^ © h . We say that Yx, ... ,Yn is a basis in 0 (mod b)

of subalgebra type if each of the subspaces h = RT, © ■ • ■ © RT © h is a

subalgebra in 0. If this is so, rj7_, is actually an ideal in h., j = 0,1,... ,n

(where b0 = b ).

Let  Yx,... ,Yn be a basis in 0   (mod h) of subalgebra type.   Then it is

well-known that the map a : G/H —► R" given by

o : exptnYn ■ ■ ■ exptxYxH ^ (tx, ...,/„)

is a diffeomorphism. Suppose now that Zx, ... ,Zn is another basis in 0

(mod b) of subalgebra type, and define analogously the map x: G/H —y Rn

by

x:exptnZn--exptxZxH -y(tx, ... ,tn).

Then we have

Lemma 1.3.1. The maps a o x~ : Rn —► R" and x o o~ : R" —y R" are polyno-

mial.

Proof. Let Wx, ... , Wm_n be a basis in h of subalgebra type. Then Wx, ... ,

Wm_n ,YX, ... ,Yn and Wx, ... , Wm_n ,ZX, ... ,Zn are both bases of subalge-

bra type in 0, and the result now follows from Lemma 1.2.9.

Lemma 1.3.1 allows us to define a polynomial structure on G/77 consisting

of all possible charts o arising as above.

Lemma 1.3.2. A function tp: G/H —» C is a polynomial function if and only if

the function tp : G —► C given by tp(s) = tp(sH) is a polynomial function on G.

Proof. Let Yx, ... ,Yn be a basis in b of subalgebra type, and let Yn+X, ... ,Ym

be a basis in 0 (mod b) of subalgebra type. Then Yx, ... ,Ym is a basis in

0 of subalgebra type. Let a be the chart on G/77 associated with the ba-

sis  Yx, ... ,Ym, and let o  be the chart on  G/77 associated with the basis

Yn+X, ... , Ym m(mod b) (see §1.3). We then have

tpod~x(tx,... ,tm) = tp(exptmYm-exptxYx)

= tp(exptmYm-exptxYxH)

= tp(exptmYm---exptn+xYn+xH)

= <P°o-X(tn+x,...,tm).

This shows that <p o er-1 is a polynomial function if and only if tp o o~ is a

polynomial function, and this ends the proof of the lemma.
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1.4. Action of nilpotent Lie groups on a simply connected homogeneous spaces.

Let 38: Xx, ... ,Xm be a Jordan-Holder basis in 0, let h be a subalgebra of

0, and set H = expf).   Define the set e = {1 < j < m \ Xj & gj-x + h},

and write e = {jx < ■■■ < jd} . Then X,.X}   is a basis for 0   (mod b)

of subalgebra type. In fact, set f)0 = h, and set br = RXjr © ■ ■ • © R^, © b

for 1 < r < d. Clearly we have Qj + b = br for jr < J < jr+i ■ But then

[l)r,f)r_,] = [9jr + h,0Jr_, + v] C [0,0;J + [rj,rj] C 0,r_, + rj = br^ , and this

shows the claim. It follows that the map oG ,H : G/H —»■ R   given by

ff*w : exP tdXld • • • exP 'i-*}, H-+(tx,...,td)

qz

is a polynomial chart. We shall call oG ,H for the ^-chart of G/77.

For xeRm and ue Rd we write x • u = oG/H((ofyx(x)(oG/H)~x(u)). In

other words, we identify G with Rm via ctg   and G/77 with R   via oG/H

and transport the action of G on G/77 to a smooth action of Rm on R .

With this notation we have

Lemma 1.4.1. The function Q(x ,u) = x-u is a polynomial function on RmxR ,

and writing Q(x, u) = (Qx(x,u), ... ,Qd(x,u)) we have

Qr(x,u) = xjr + ur + Qr(xjr+x,...,xm,ur+x,... ,ud),

for 1 < r < d, where we have written x = (xx, ... ,xm), u = (ux, ... ,ud), and

where Qr are polynomial functions with properties as indicated.

Proof. If j' £ e there exists X1. e b such that Xj - X'} e Qj_x . Using Lemma

1.2.5 we see that it is no loss of generality to assume that Xj e b for all j' & e.

For u e R we then set v = ur for r = I, ... ,d and y = 0 for j' g e, and we

set z = x-y . Then with the notation from Lemma 1.2.4 we have that (x-u)r =

Sjr(z), i.e^ Qr(x, u) = Sjr(z) = xjr + y h + Sjr(xjr+X ,...,xm ,yjr+x ,...,ym) =

Xjr + ur + Qr(xjr+X, ... ,xm,ur+x, ... , ud). This ends the proof of the lemma.

Corollary 1.4.2. The map (s ,a) —> sa: GxG/H —> G/77 is a polynomial map.

1.5. Polynomial vector fields on simply connected homogeneous spaces of nilpotent

Lie groups. Let h be a subalgebra in 0, and set 77 = exp rj. For X e g we

define the vector field X on G/77 as follows:

Xf(a)=-¡Lf(exp-vXa)
v=0

a e G/H, f e %(G/H). It follows from Corollary 1.4.2 that X is a polyno-

mial vector field on G/77.

Let now 38: Xx, ... ,Xm be a Jordan-Holder basis in 0, set e = {1 .< j <

m\Xj$ gjX + h} , and write e = {kx <      < kdj2}.
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Lemma 1.5.1. The space of polynomial vector fields %(G/H) on G/H is a free

3°(G/H)-module with basis X, ,... ,X, iß

Proof. We consider the á?-chart oG ,H of G/77 given by

aGjH : exp td/2Xk¡¡/2 expt.X
\"kx (tx,...,t d/2>

yd/2
see §1.4. Using this chart we identify G/77 with R '   and we can think of X

as polynomial vector fields on R /2. Similarly we identify G with Rw via the

^"-chart oG , see §1.1. Let us then compute Xk ,  1 < s < d/2. By Lemma

1.4.1 the action of G = Rm on G/77 = Rd'2 is given by x ■ u = Q(x, u),

x e Rm , u e R /2, where Q = (Qx, ... , Qdp) is a polynomial function such

that Qr(x,u) = xkr + ur + Qr(xkr+l,... ,xm,ur+x,...,udj2). Setting

ars(U) = 7ZQs(eXP-vXkr'U)\v=0

>d/2for 1 < r, s < d/2, u e R     , we get, using the chain rule:

**,/(") = -^/(exp-i)^ • u)
v=0

dv
f(Q(exp-vXk ,u))

t)=0

d/2

5=1
du.

Now

Qs(exp-vXkr,u) = <

This implies that

ars(u) =

us   for s > r,

us-v + Qs(exp -vXkr, us+x, ... ,um)    forr = s,

us + ô5(exp-vXkr,us+x, ... ,um)   for r < s.

' 0   for s > r,

1    for s = r,

[ars(us+x,...,un)   fors<r.

It follows that the martix A(u) = [ars]x<r s<d/2 is a lower triangular matrix

with polynomial entries and with -1 in the diagonal. But then also the inverse

matrix B(m) = A(w)-1 is of the same kind. Now writing B(w) = [brs]x<r s<d/2

we have

d
d/2

£- = 5>»*vdu
i=i

It follows that Xk , ... ,Xk     generates W(G/H) as a ^(G/77)-module. That
Kd, :

X,  , ... ,X,      is actually a basis for %/(G/H) follows immediately from the
M Kdß

fact that the matrix A(m) is regular. This ends the proof of the lemma.
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For s eG define the endomorphism yG,H(s) of I? (G/77) by 7G/H(s)f(a) =

f(s~xa), a G G/77. Then s —y YG/H(s) is a differentiable representation of G.

For A" G 0 and / e g(G/H) we have dyG/H(X)f = Xfi. Let 7 denote the

identity operator.

Lemma 1.5.2. The space s/x(G/H)  is a free 3s(G/H)-module with basis I,

dyGiHÍXkx)y-ydyGiHÍXkdll)-

Proof. Let D estfx(G/H). Since there exists a bi-polynomial diffeomorphism

from G/77 to R¿, D can be written uniquely as Df = £(/) + tpüf,  where

£ is a polynomial vector field on G/H and tp0 e 3°(G/H). The lemma now

follows from Lemma 1.5.1.

1.6. The polynomial structure on coadjoint orbits of nilpotent Lie groups. Let G,

0 be as before, and let 0 = Gg be the coadjoint orbit through g e g*. The

orbit 0 is equipped with the smooth structure it gets from the identification

G/G ~ 0. We also carry over the polynomial structure already defined on

G/G to 0. It is easily seen that this definition of a polynomial structure on

0 is independent of the choice of g G 0 (Corollary 1.4.2).

Given a Jordan-Holder basis 38 :XX, ... , Xm in 0 there exist indices jx <

■ ■ ■ < jd (the "jump indices"of 0 relative to 38 ) and polynomial functions

R., ... ,Rm in the variables (v. ,... ,y¡) such that R,: (y) = v. , 1 < u < d,
1 «* J\ Jd Ju Ju

and such that 0 can be described as follows

where lx, ... , lm is the basis in 0* dual to Xx, ... ,Xm. The set of jump

indices J   associated with g eg* can be found as

Jg = {l<j<m I fy ÇÉ8;_, +0^}:
d

cf. §4.2. Define the map 0% : O -y R   by

m

<i:/-E^.a-ù',.^-(Mji).(uA)).
;'=i

Lemma 1.6.1. The map oQ   is a polynomial chart on O.

Proof. Let  g G 0.    It follows from [10, p. 265] that there exists a basis

Yd,... ,YX of 0  (mod g ) of subalgebra type such that if we write

m

exp f, Yx ■ ■ ■ exp tdYdg = £ ßy.(i)/,.,
j=x

where í = (tx,... ,td), then the functions Q (Z) are polynomial functions with

the following properties: For jr < j < jr+x we have

Qj(t) = Qj(tx,...,tr,0,...,0)
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and

Qjr(t) = tr + Qjr(tx,...,tr_x,0,...,0).

Let now o be the polynomial chart associated with Yd, ... ,YX . For I e O,

write o(l) = t = (tx, ... ,td) and o%(l)=y = (yx, ... ,yd). Then

y,=tx+Qj{(0,...,0)

y2 = t2 + QJ2(tx,0,...,0)

y3 = t3 + QJ3(tx,t2,o,... ,0)

yd = td + QJd(tx,...,td_x,0).

From this it follows immediately that oQ   is a polynomial chart.

Corollary 1.6.2. A function fi: O —► C is polynomial if and only if it is the

restriction to 0 of a polynomial function on g*.

Proof. If tp e 3e(O), then / = tp o (aQ )~x is a polynomial function on R ,

and <p is the restriction to 0 of the function l —y f((l ,X¡), ... ,(l ,X¡)) on
.71 ./i/

0*. If tp G ^(0*) we can write tp = f((Xx,/),..., (Xm, /)), where / is a

polynomial function on Rm . But then tp o(oQ )~x(y) = f(Rx(y), ... ,Rm(y)).

Since 7?,, ... , Rm are polynomial functions it follows that the restriction of tp

to 0 is a polynomial function.

1.7. Rapidly decreasing sections and polynomial coefficient differential operators

in homogeneous line bundles of nilpotent Lie groups. Let b be a subalgebra of

0, and let 77 = exp b ■ Let Yx,... ,Yn be a basis of 0 (mod b) of subalgebra

type, and let a : G/H —* R" given by

o:exptnYn-exptxYxH ^ (tx, ... ,tn)

be the corresponding chart on G/77. We define c : G —y G/H to be the quotient

map and k : G/H —> G to be the map

k : exp tnYn ■ ■ ■ exp txYxH ^ exptnYn  -exp tx Yx.

In this way k is a cross-section for c: cok = idG,H . We also define the map

6 : R" - G by

ö:(r1,...,/„)^exprnT„-expr,T1.

The maps c, k and 6 are polynomial maps, and we have

9 o a = k.

Define the map a : G -► 77 by 5 = >c(c(s))a(s) for all s e G, i.e., a(s) =

(k(c(s)))~xs . Then a is a polynomial map, and a(sh) = a(s)h for all s e G,

h e 77. We also define the map A : G —y b by A(s) = log(a(s)). Clearly A is

also a polynomial map.
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Suppose now that x '■ H -> T is a unitary character, and let g eg* be such

that x(expX) = ei(8'x) for all Xeb. In [9] we have defined &{G,x) to be

the set of all smooth functions f on G such that f(sh) = xW f(s) for all

seG, heH.We define a linear bijection V : <T(G,/) - %(Rn) by

(Vf)(t) = f{e{t)),       fe§?(G,x), teR".

The inverse of F is given by

V~xh(s) = eHs'A(s))h(a(c(s))),       h e %(Rn) ,seG.

Denote by 5"(Rn) the space of rapidly decreasing functions on R" (the

Schwartz functions) and let sé (R") denote the space of differential operators

on R" of order at most k and having polynomial coefficients, and set sé(R") =

\J£L0J*k{R") (the Weyl algebra).

Definition 1.7.1. We define S"(G ,x) to be the inverse image by V ofi S¿'(R"),

and we define s/(G, x) (sék(G,x)) to be the transport of sé(R") (s/k(Rn),

k = 0,l,...) by V~x.

Lemma 1.7.2. The definition of 3a (G ,x) and sé (G,x) is independent of the

choice of basis of g  (mod h) of subalgebra type.

Proof. Suppose that Y[, ... ,Y' is another basis of 0 (mod b) of subalgebra

type. The objects defined relative to this basis are all marked with a prime.

We define the linear bijection W: g(Rn) -* g(Rn) by W = V'V~X. We have

to show that W maps <5*(R") onto 3e?(Rn), and that W transports s/k(Rn)

onto s/k(R"). We calculate W:

(Wh)(t) = e-i{8'A(e'mh(ooo'-x(t)),       heïï(Rn), teR".

Set tp = o o o'~x , and set S(t) = -(g,A(d'(t))), ieR". Then tp is a bi-

polynomial diffeomorphism,and S is a real-valued polynomial map, and we

have with this notation:

(Wh)(t) = e,S{t)h(tp(t)),       he%(Rn),    teR".

Similarly, if we define \p = tp~x = a oa~  , and T(t) = -(g,A'(6(t))) we have

(W~xh)(t) = e'T(t)h(ip(t)),       h g <T(R"), teR".

If p is a polynomial function on R" we let M denote the multiplication

operator on %?(Rn) defined by p. One easily calculates

WMW~X =Mn.P P°9

Moreover, if Dj denotes the differential operator d/dtj for 1 < j < n, one

easily calculates that

WDjW~x -J2MB9k/etj0fDk + M„/9l¡0f.
k=\
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From this we see immediately that W transports A:th order differential oper-

ators with polynomial coefficients on R" onto itself, and from this it follows

that W carries S*(Rn) onto itself. This ends the proof of the lemma.

For s e G we define the endomorphism 7As) of i?(G,x) by y (s)f(t) =

f(s~ t), t e G. The map 5 —► y (s) is a differentiable representation of G.

Lemma 1.7.3. We have that dyx(X) eséx(G,x) for each X eg.

Proof. We define a linear isomorphism T: §?(G,x) —► £?(G/H) as follows:

(Tf)(a) = fi(K(a)),       fe£(G,x),ae G/H.

The inverse is given by

(T~x h)(s) = e~i{s^(i)> h(c(s)),       he^(G/H).

Clearly T is a linear isomorphism. When we transport sé (G,x) to If (G/77)

by T we get séx(G/H) by Definition 1.7.1. We then calculate Tdyx(X)T~x.

We get for h e £(G/H), x e G/H,

Tdyx(X)T~xh(x) = dyx(X)T~x h(tc(x)) = -^-T~xh(exp-vXtc(x)))
v=0

d     -i(g ,A(e\p-vXK{x))) , , v   ,
= -j-e h(exp-vXx)

d     -i{g,A(exp-vXK(x)))

dv v=0

v=0

h(x) + dyG/H(X)h(x)

ax(a) = —y = -i -r-(g,A(exp-vXK(x)))
v=Q aV v=0

Therefore, if we set

d     -i(g,A(exp-vXK(x)))

dv

we have that ax e 3°(G/H),  and

Tdyx(X)T-Xh = dyG/H(X)h + axh

for h e ^(G/H). This proves the lemma, since dyGjH(X) e sé1 (G/H), see

§1.5.

Proposition 1.7.4. The space séx(G,x)  is a free 3s(G/H)-module with basis

I,dyx(Xki),...,dyx(Xkiii).

Proof. The lemma says that each element D esé (G, x) can be written unique-

ly
d/2

D = J2<Pudyx(xO + <Poy
u=l

where tp0,tpx, ... ,<Pd/2  are in 3°(G/H).   Transforming this relation by the

operator T from the previous lemma we get

d/2

TDT l=¿2<PudyG/H(Xku) + <p'o,
,-i

«=i
I    _   T-^d/2

where tpQ = YlJ=\ <Puax   + ^o • ^he result now follows from Lemma 1.5.2.
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1.8. Realizing representations. Let g e g* and let h be a real polarization at g.

Set 77 = expfj, and let x be the unitary character of 77 given by ^(expX) =

e,(~g'x', X e b ■ The representation n = ind^^x" of G is the irreducible

representation associated with the orbit 0 = Gg. The representation space of

n is L2(G,x). Let now Xx, ... ,Xd/2 be a basis for 0 (mod b) of subalgebra

type. Using the notation from the previous section we can define a unitary map

V: L2(G,x) —>■ L2(R /2) using the same formula for V as before. Let us then

define the representation n    of G on L (R    ) by

nVx(s) = Vnx(s)V-x.

Let b: G x R ' —► 77 be the polynomial function defined by b(s,t) =

a(s~x6(t)), seG, te Rd'2, and define the polynomial function B : GxRd/2 -»

b by exp B(s, t) = b(s,t), s e G, teR . Further, define a polynomial

action of G in R ' by transport of structure (i.e., st = o(so~x(t)) ). The

representation n    is equivalent to n , and we have

nVx(s)h(t) = x(b(s,t))-xh(s-xt) = e-i{8Ms't])h(s~Xt),

heL2(Rd'2), seG,teRd/2.

2. Orbits, Poisson structure and quantization

of nilpotent lle groups

In a recent paper [9] I have obtained certain results about the canonical

symplectic structure of connected Lie groups, and in particular of exponential

solvable Lie groups. In this section we shall briefly specialize to the nilpotent

case, where we obtain more detailed results.

Let G be a connected, simply connected nilpotent Lie group with Lie algebra

0, and let 0 be a coadjoint orbit of G.

2.1. Polynomial functions and Poisson bracket. First we consider how polyno-

mial functions on 0 behave under Poisson bracket.

We select a Jordan-Holder sequence

P: 0 = 0mD0m_1D-D01D0o = {O}

and a compatible Jordan-Holder basis 38: Xx, ... ,Xm, i.e. X¡ e 0 • \ ß •_, >

j =1,... ,m.

We set

e = {l <j<m\Xj£gj_x+gg}

for some fixed element g e O, and write e = {;', < ■ • ■ < jd} , where d is the

dimension of the orbit. Let aQ be the 38-chart of 0, i.e., the chart defined

by Oq(1) = ((l,Xjx), ... ,(l,XjJ), see §1.6. We then know that the func-

tions Rj = \p ' o (o0 )      are polynomial functions on R   with Rjr(y) = yr,
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r = l,...,d, where y = (yx, ... ,yd). Writing o0 = a = (yx, ... ,yd)

we have that the matrix Ma(l) = [{yu,yv}(l)]x<u v<d is equal to the matrix

Me(l) =   (M*,- ,Xi ]> [9, Lemma 1.1.8]. Let now c,..  be the struc-

ture constants of 0 associated with the basis 38 , i.e., [X¿, X] = £]£Li cüfc^fc •

The entries of the matrix Mi/) have the form T\T_, c; , by/Xk(l), and there-

fore the entries auv(y) of the matrix Ma(o~x(y)) are of the form

m

auv(y) = J2cMVkRk(y)y
k=x

in particular these entries are polynomial functions. We can now write down

the Hamiltonian vector fields and the Poisson bracket in these coordinates:

£   = V (y*      ËH\A.
S      ¿^ I 2^ Uuv dy   j dy   '

u=X   \v=X "W      y"

.        !       v^ dtp dtp

u,v=\ ■r"    yv

for tp ,ip eW(0). From these remarks we derive the following lemma:

Lemma 2.1.1. For each tpe3°(0) the vector field I is polynomial. Moreover,

the space 3°(0) is closed under Poisson bracket.

Let us also note that with the notation from [9, §1.1] we have that the matrix

"„(/) = [ui({d/dyu)i y (a/9^)/)]1<u„<¿ is eclual t0 -Mj'iO. Since the

determinant Qe(l) of Me(l) is constant on the orbit, [7, Lemma 1.1.1, p.

427] (see also §4.2), we see that also Sla(a~x(y)) has polynomial entries. We

therefore get

Lemma 2.1.2. The canonical symplectic structure to0 is a polynomial 2-form.

2.2. Polynomial quantizable functions. Next we shall consider the structure of

the space of polynomial quantizable functions associated with a given real po-

larization. The main result is Proposition 2.2.9.

Let g e O and let h be a real polarization at g. This means that b is a

subalgebra of 0 and that b is maximal isotropic with respect to Bg. Let 77

be the analytic subgroup of G corresponding to b .

For / = sg e O we set h, = Ad(s)f) and 77, = sHs~ . Further, we let

ai'- ß/ß/ ~* 7/(0) denote the canonical vector space isomorphism and we set

Ft to be the image of b¡/g¡ by a¡. We have Fg = ag(b/gg), and denoting by

y(s): O —y O the map y (s): l —y si we have y(s)tF¡ = Fsl. The map F: I —► F,

isa G-invariant real polarization of the symplectic manifold (0,of) (cf. [9]).

The group 77 defines a fibration of the orbit 0 ~ G/G with base G/77

and with the projection given by n: I = s g —y sH. The fiber through I = sg
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is 3f(l) = {shg | h e 77} = / + b¡ , since b satisfies the Pukanszky condition

[10]. The vertical subspace through / e O is F¡.

Let ^~(0) denote the set of all smooth complex vector fields on 0. In [9]

we have defined certain Lie subalgebras ^°(0) and 2^'(0) of 2^(0), and we

have defined certain Lie subalgebras <£F(0) and ^(O) of %(0) (equipped

with Poisson bracket). We set 3>F(0) = %F(0)\x3°(0) and 3>XF(0) = ^x(0)n

3>(0).

It follows from [9] that the map from ^(G/H) to %F(0) given by tp -y tpon

is a linear bijection. Considering polynomial functions we have

Lemma 2.2.1. The map tp —> tp on maps 3°(G/H) onto 3BF(0).

Proof. This follows from Lemma 1.3.2.

We now set

e = {l<j<m\XjÏQj_x+h},

and write e = {kx < ■■■ < kd,2} .

Lemma 2.2.2. For any I eO we have that

e = {\<j<m\Xj(¿gj_x+bí}.

Proof. Clearly e = {1 < j < m\Ad(s)Xj g g _j + b¡}, where / = s g. But since

Ad(s)Xj = Xj (mod0._,) the lemma is proved.

Using the notation from [9, §1.2], we get from Lemma 2.2.2 that Oe = O.

Lemma 2.2.3. Let I eO. Any element X eg can be written uniquely

d/2

x = Eax,u(nxku+x(i),
u=X

where X(l) e b¡ and aXu(l)eR, u = 1, ... ,d/2. The functions I —y aXu(l) :

O —y R and l —y X(l) :0-»g are polynomial functions.  Moreover, aXu e

3BF(0) for all X e g, « = 1, ... ,d/2, and X(hl) = X(l) for all I e O,

heHr

Proof. This is the analogue of Lemma 1.2.3 in [9]. All we have to prove is that

ax u are polynomial functions. To this end we pick g eO, and select a basis

Yx, ... , Yd/2 of h (mod gg ). We then have with I = sg:  Be(Ad(s)Yu,X) =

¿2dv/2lBl(Ad(s)Yu,Xkv)aXv(l). Defining B(s) to be the d/2 x ¿7/2-matrix

B(s)=[Bl(Ad(s)Yu,Xkv)]l£u^d/2

= [Bg(Yu,Ad(s-X)Xkv)]x<uv<d/2,

C(s) to be the d/2 x 1-matrix

C(I)=[B;(Ad(S)r„,i)Jls„SJ/2

= [W,Ad(S-V)]
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and A(/) to be the d/2 x 1-matrix

Ml)=[ax,v(D]x<v<d/2

we have that B(s) is regular, and C(s) = B(s)A(/), hence A(/) = B(i)_1C(5).

Now clearly the matrix functions 5 —> A(s) and í —> B(s) have polynomial

entries. It therefore suffices to prove that the function 5 —y detB(s) is constant

on G. To this end we note that we can write Ad(s~x)X^ = J2jl\ twvXkw + Wv ,

where Wyeb, and where tvv = 1 while twv = 0 for w > v . This means that

B(s) = B(eG)T, where eG is the neutral element in G, and where T is the

matrix |X„J1<U, v<d/2 y and clearly detT = 1 . But this shows that detB(s) =

detB(eG), and this ends the proof of the lemma.

Recall that n: O —» G/77 is the map n: I = s g —> sH.  The map n is a

polynomial map (cf. Lemma 2.2.1).

Y

Lemma 2.2.4. For any X eg we can write ip    uniquely as

d/2

y =z2ax,uif   +ax,o'
u=X

where aXQ,axx,...,ax d/2 e 3°l(0).

Proof. The uniqueness follows from [9, Lemma 1.2.3]. To prove the existence

we use Lemma 2.2.3 to write

d/2

x = Eax,u(l)Xku+X(l)

for each / G 0, where X(l) e be ■ Setting axo(l) = (I,X(l)) we have

d/2

V* = Y,ax,uV/Xku+ax,o-

Since already ax x, ... ,ax d/2e 3°F(0), we only need to prove that ax 0 G

3°F(0). But clearly ax 0 is a polynomial function, since / -> X(l) is a

polynomial map.   For h e H¡ we have ax 0(hl) = (hl,X(hl)) = (hl,X(l))

= (/,Ad(A-1)AT(/)) = (l,X(l)) = axfi(l), since h, is a polarization at /. This

ends the proof of the lemma.

Lemma 2.2.5. For each X eg we can write \p    uniquely as

d/2

VX = ¿Z bx,u ° nV k" +bx,oon'

where bxfi,bx x, ... ,bxdj2 e3°(G/H).
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Proof. We have from Lemma 2.2.1 that the map tp —► tpon : 3°(G/H) —» 3°F(0)

is a bijection, and the result therefore follows from the previous lemma.

Lemma 2.2.6. The map $ : 0 -♦ Rd/2 x G/H given by

tP:l^((l,Xk),...,(l,Xkdn),n(l))

is a bi-polynomial diffeomorphism.

Proof. It follows from [9, Lemma 1.2.4] that 4> is a diffeomorpnism onto

R xG/77, and clearly 0 is a polynomial map. We just have to prove that the

inverse of <P is polynomial. To do this, let x : G —y R be a polynomial chart

on G/77, and define the polynomial chart f : Rd'2 x G/H - Rd/2 x Rd/2 = Rd

by x = id x x. We have to prove that 4>~ o î~ : R —► 0 is a polynomial map,

and for this it suffices to prove that the map (v ,w) —* (X ,&~ o f~ (v ,w)) :

Rd -» R is polynomial for each X e g. For (v ,w) e Rdl2 x Rd/2, set

l = ®-lorx(v,w).Then ((l ,Xk¡), ... ,(l ,XkJ ,n(l)) = ®(l) = x~x(v ,w) =

(v,x~x(w)). It follows that vu = (l,Xk) for 1 < u < d/2, and that n(l) =

x~ (w). With the notation from Lemma 2.2.5 we then get that

d/2

(X,&-x°rx(v,w)) = (l,X) = Y^bXu(x-x(w))vu + bxß(x-x(w)).

u=X

Since the functions bx u , u = 0,1, ... ,d/2, are polynomial we have proved

the lemma.

Let t be a polynomial chart on G/77 and write x = (xx, ... ,xd/2)-  De-

fine now the functions yx, ... ,yd on 0 by yu(l) = (l,XkJ and yd/2+u(l) =

xu(n(l)), and define the map a : O -» Rd by a = (yx, ... ,yd).

Lemma 2.2.7.  a defines a polynomial chart on O.

Proof. Since a {I) = ((I ,XK) , ... ,(l ,XkJ ,xx(n(l)), ... ,xd/2(n(l))), this is

immediate from the previous lemma.

Lemma 2.2.8.  We have

3>°F(0) = {tpe 3>(0) | dtp/dyu = 0, l<u< d/2} ,

&FÍ.O) = {tpe3*(0) | d2tp/dyudyv = 0, l<u,v< d/2}.

Proof. This follows from Lemma 2.2.7 and [9, Lemma 1.2.8].

Proposition 2.2.9. The space 3*^(0) is a free 3BF(0)-module with basis 1, ipXk> ,
... , ipXk<i>2 .

Proof. This follows immediately from Lemma 2.2.8, cf. [9, Lemma 1.2.9]. This

ends the proof of the lemma.
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Lemma 2.2.10. For each I e O we have

Fl = {{S9)l\tpe3*¡(0)}.

Proof. If tp G 3°F(0) we have that (£,)l e F, by the definition of 3*F(0). Now

it follows from [9, Lemma 1.2.6] that the tangent vectors (<f       ),,... , (<L )¡

span F¡, and since yu belongs to 3°F(0) for c7/2 < u < d we have proved the

lemma.

Proposition 2.2.11. We have

TF\0) = {{ € T(0) | £(3>¡(0)) = 0},

3^(0) = « € ̂ (0) | £(3*1(0)) c #>°(0)}.

TVoo/. This is proved just like Proposition 1.2.16 in [9], using Lemma 2.2.10.

Proposition 2.2.12. We have

rf°(0) = {tpe £T(0) | {p,3*1(0)} = 0},

#>'(0) = {tpe %(0) | {ç>,^F°(0)} c ff°(0)}.

Proof. This follows immediately from Proposition 2.2.11.

Proposition 2.2.13. 77?^ ■space' 3°F(0) is a maximal commutative subalgebra of

3>(0), and 3°F(0) is the normalizer of 3°F(0) in 3>(0).

Proof. This follows immediately from Proposition 2.2.12.

2.3. Polynomial quantized operators. Let now / : 77 —► T be the continuous

homomorphism with #(exp X) = e'^8'x' for X eb . We know that the space

38X(G,x) in a natural way is an WF (0)-module. It follows from Lemma 2.2.1

that similarly we can consider se (G ,x) as a ^F(0)-module. With this termi-

nology we get from Proposition 1.7.4:

Proposition 2.3.1. The space sé (G,x) is a free 3F(0)-module with basis 1,

dyx(Xki),...,dyx(Xkd/2).

2.4. Quantization and nilpotent groups. We now consider the quantization map

S : <£F(0) —» 38X(G,x) • As shown in [9], S is a Lie algebra isomorphism. It

follows from Proposition 1.7.4 and Proposition 2.2.9 that the map tp —> à (tp)

carries 3°F(0) into séx(G,x), and, in fact, also onto sé'(G,x) ■ We thus have

Theorem 2.4.1. The map

ôx:3»xF(0)^séx(G,x)

is a (Lie-algebra) isomorphism.

2.5. Unitary representations. We now consider the connection with unitary rep-

resentations.   Let p  be an invariant measure on  G/77 and let  nx  be the

representation  ind^^x  of G on  L2^(G,x)-   The representation  n%  is in
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the equivalence class of irreducible representations associated with the orbit

0. Associated with p there is defined an involution on %?F(0) such that

S ((p¡) = S (tp)*, where S (tp)* is the formal adjoint of Ô (tp) considered as an

operator on 3f{G,x) C l](G,x) [9, §3].

Lemma 2.5.1. 3°XF(0) is invariant under the involution '.

Proof. Since p is invariant it follows that the function wx from [9, §3.1] is
X X

equal to 0. Therefore we get from [9, Lemma 3.1.7] that k(tp\p ) = {\p ,<p} e

3>F(0) for tp e 3°l(0), X G 0. Since a(ç») = 0 for tp e 3°F(0) we get from

Proposition 2.2.9 that if tp e 3°F(0), then k(tp) e 3BF(0). This proves the

lemma, since tp1 = -Ip + ik(lp) for tp e %F(0) [9, §3.1].

In [9, §3.1] we have also defined a map e : <%F(0) -> 38 (G,x) ■ Using the

previous lemma we get from [9, Theorem 3.1.13]:

Theorem 2.5.2. The map e : 3°F(0) —> sé (G,x) isa Lie algebra isomorphism,

and

<¡X{<P)* =-exC¥)

for all <pe3>F(0), and

ex(ipX)f = dn(X)f

for all fe2(G,x), Xeg.

2.6. Global canonical coordinates. We can now prove

Theorem 2.6.1. There exists functions qx,..., qd,2 e 3°F(0), and functions

px,...,pd/2e3>F(0) suchthat (px,...,pd/2,qx,...,qd/2) is a set of canonical

coordinates on 0. Moreover, any such choice of canonical coordinates defines a

polynomial chart on O.

Proof. Since séx(G,x) and séx(R '2) are isomorphic as Lie algebras, there

exist skewadjoint elements Dx, ...Dd,2 in sé (G,x) and self adjoint elements

Mx,...,Md/2 in sé°(G,x) such that [Du,Dv] = 0, [Mu,Mv] = 0 and

[Du, Mv] = iôuv , 1 < u, v < d/2. From Theorem 2.5.2 we get that there exist

real functions px,...,pdj2 in 3°XF(0) suchthat ex(pu) = Du and real functions

qx,...,qdj2 in 3°^(0) such that e (qu) = iMu, 1 < u < d/2. We can then

show that the set (px,..-,Pd,2 ,qx,...,qd,2) defines canonical coordinates just

like in [9, proof of Theorem 2.2.1].

Let us then show that any such choice o = (px,...,pd/2,qx,...,qd/2) of

canonical coordinates defines a polynomial chart. Set U = o(0) (If will be

shown to be equal to R in the following). We have to prove that the map

<7~ : U —y 0 is a polynomial map. To do this, it suffices to show that the map
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(v , w) —y (X, a    (v, w)) : U —y R is a polynomial map. We write

d/2

V*=I2ax,u(Q)Pu + ax,oW-

y
Here ax 0,ax ,, ... ,ax dj2 are polynomial functions, since ax u = {y/   ,qu}

(Lemma 2.1.1). Now if / = a~x(v ,w), then pu(l) = vu and qu(l) = wu, and

it follows that

d/2

(X,o  x(v ,w)) = (X,1) = ^aXu(v)wu + aXfl(v).

u=X

This shows that the map (v ,w) —> (X ,o~x(v ,w)) is a polynomial function,

and this ends the proof of the theorem.

Remark 2.6.2. Although it is known that there exists global canonical coordinates

on O ([1], cf. [9]) the result in the previous theorem is considerably stronger.

What we have shown here is that for any choice of a real polarization there exists

polynomial global canonical coordinates compatible with this polarization.

2.7. Construction of unitary representations using global canonical coordinates.

Let px,...,pd/2,qx,...,qd,2 be global canonical coordinates on 0 such that

qx,...,qd,2 G 3°F(0), and px,...,pdj2 e 3°F(0). Such coordinates exists by

Theorem 2.6.1, and, moreover, they define a polynomial chart on 0.

We define the function x : G/H -> Rd'2 by x(sH) = (qx(sg), ... ,qd/2(sg)).

Clearly x is well defined since qx,.--,qdi2 belong to 3°F(0), and x is a global

chart [9, Lemma 3.2.1] whose image is R ,2. It is easily seen that the quasi-

invariant measure p defined by x [9, §3.2] is in fact invariant.

Lemma 2.7.1. The polynomial quantizable functions 3F(0) are the functions tp

of the form
d/2

<P = T,au(a)Pu + ao(<l)y
u=\

where aQ,ax, ... ,ad/2 e3B(Rd/2).

Proof. This is clear, since (px,...,pd/2 ,qx,...,qd/2) is a polynomial chart.

It follows from Lemma 2.7.1 that we in particular can write

d/2

V* = z2ax,u(Q)P« + ax,o(Q)
u=X

for each X eg, where aXu e 3s(Rd/2), u = 0,1, ... ,d/2.
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From [9, Theorem 3.2.3] we can then derive

Theorem 2.7.2. There exists one and only one strongly continuous, unitary rep-

resentation n of G on L2(Rd'2) such that 3t(Rd'2) c 77^° , and such that

d'2 rlf 1 d'2 da

dn(X)f(t) = 5X„(0ff (0 + iaxfi(t)f(t) + j £ -afW(0
u=X " u=\ »

for f e 2>(Rdl2), X e 0. The representation n is equivalent to nx, i.e., it is in

the equivalence class of irreducible representations associated with the orbit O.

3. Quantization and the universal enveloping algebra

In the following we shall consider the set of elements in the universal en-

veloping algebra which are mapped into the set of quantized operators by a

given representation.

3.1. The map <ï>. Let G be a connected and simply connected nilpotent Lie

group with Lie algbra 0 . Let g e g*, and let b be a real polarization at g. Let

X'. 77 = expf) —► T be the unitary character with /(expX) = e'^g'x', X e b,

and set n = ind//TG/'. Then n is the irreducible representation associated

with the orbit 0 = G g. We have with the notation from §1.7:

Theorem 3.1.1 (Kirillov). The differentiable vectors for n are precisely

3"(G,x), and the image of U(gc) by dnx is sé(G,x) ■

This result is due to Kirillov [5]. More specifically he showed that there

exists for each g eg* a polarization b at g such that the result holds. It was

observed in [2] that it is actually true for any real polarization h at g.

We set

7(0) = ker(dnx)

which is a selfadjoint primitive ideal in U(gc) ([4]). The ideal 7(0) is equal

to the annahilator of the left [/(0c)-module U(gc) ®U(i) . C [4]. In [7] I have

given an explicit formula for 7(0). In the following we shall develop further the

ideas put forward in [7]. Let F be the G-invariant polarization of 0 defined

by rj, cf. [9], and set

J0F(O) = {ue U(gc) | dnx(u)esé°(G,x)}

and

JXF(0) = {ue U(gc) | dnx(u)eséx(G,x)}.

(It is easily seen that the definition of JF(0) and JF(0) depends only on F.)

In other words, JF(0) (JF(0)) is the set of elements in ¡7(0C) which are

mapped by dn to multiplication operators (differential operators of order at

most one). Obviously we have

I(0)cJf(0)gJf(0),
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and by Kirillov's theorem we have

dnx(J°F(0))=sé°(G,x)

and

dnx(JXF(0))=séx(G,x).

Factoring dnx through 7(0) we get a Lie algebra isomorphism dn  :

JF(0)/I(0)^seX(G,x)

such that

JF(0)/I(0) J*l+j/0(G,x).

Now the quantization map

ôx:3°F(0)^séx(G,x)

is also a Lie algebra isomorphism (Theorem 2.4.1). This means that there is a

Lie algebra isomorphism <P : 3°F(0) —> JF(0)/I(0) which makes the following

diagram commutative:

3>XF(0)        ±     JxF(0)/I(0)

Sx\ / dnx

*f\G,x)

The goal of the following is to give an explicit description of 4> in the case

where b is a Vergne polarization.  Specifically, we shall construct for a given

Jordan-Holder basis 38:    Xx, ... ,Xm and associated Vergne polarization rj

an explicit map <P = <ï>0 : 3ÖF(0) —yJF(0), F being the polarization of 0

associated with h, such that <S> composed with the quotient map JF(0) —y

JF(0)/I(0) is the map 4>.
Let 38 :XX,...,Xm be a Jordan-Holder basis in 0, and set

3j = span^,,... ,Xj),        l<j<m.

Then

3r:g = gmDgm_xD-Dgx d g0 = {0}

is a Jordan-Holder sequence in 0. Let g e g* and set gj = g\gj for each

I < j < m . The linear subspace

m

y=i

is then a polarization at g e g*, the so-called Vergne polarization at g e g*

associated with & [3]. We shall call the associated polarization of 0 for

F (0,9-), cf. [9]. We set H(g ,S^) = expb(g,^).

Let o = Oq-. O -y Rd  be the ^-chart of 0, see §1.6.   For each tp e

3°(0) the function tp o a~    is a polynomial in C[y,, ... ,yd]-  The element
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tpoo~x(-iXj , ... ,-iXj ) is then well defined in S(gc), the symmetric algebra

of 0C. For tp e 3°F{0Sr)(0) we set

®(tp) = ®%(tp) = itü(tp o o~x(-iXj{,...,- iXjJ),

where œ : S(gc) -* U(gc) is the symmetrization map. If d = dim 0 = 0 we

set <P(#>) = itp(0)\ , where 1 is the unit in U(gc).

Theorem 3.1.2. For tp e 3sF(asr)(0) we have dnx(<&(tp)) = 8x(tp).

It follows from the theorem that the value of 4> on tp e 3>Fi03rAO) is the

canonical image of <£>(#>) in JF(0)/I(0).

Proof of theorem. The proof is by induction on the dimension of 0. If dim 0 =

1 the result is true by definition. Suppose then that the result has been proved

for all dimensions less than m , and that dim g = m . Let 3 be the center of

0, and set 30 = kerg|j . Suppose first that we are in

Case (a): dim30 > 0. Set 0 = g/}0, and let c : g —y g be the quotient map.

We let also c denote the quotient map c : G —y G = G/Z0 , where Z0 = exp j0 .

Let g be the element in 0* such that g o c = g.

We now define a Jordan-Holder sequence in 0. We set 7 = {1 < j < m \ g. £

ß7_, + 30} . and write 7 = {/;<••• < /„} and gr = (gjr + }0)/}0 , r = 1, ... ,n .

Then

^:ß = ß„3 0n_, D--O0, D0O = {O}

is a Jordan-Holder sequence in 0, and setting Xr = c(X¡) we have that

38: Xx, ... ,Xn is a Jordan-Holder basis in 0 compatible with 9^. We note

that 30 C gg , and that gg = gg/i0 .

For 1 < j < m we define the subalgebra 0* of 0 by 0' = g. + ¡0, and we

set gj = g|0* . It is then immediate that (g^)^ = (gj)g + ¿0. Suppose now

that ir < j < ir+x , 1 < r < n. Then clearly gjj c 0' , but we also have that

0; C gir +30 , and therefore that 0y. +â0 C 0(> +¡0 , so g)r = 0* . We next note that

since ¡0cggc b(g,F) we have that b(g,^) = if(g,^) + i0 = Y™=l(Q})gi +

3o = Ej,((8;)ft +h) - £7=1(ß!),» = E"=1(ß!r),« • For each 1 < r < n

we have that c(g[) = gr, and gr o (c\g[) = g[ . Since 30 c (0^)^, we find

that (a[)g,Ji0 = (~9r)gr ■ The conclusion is that c(b(g,S?)) = Er"=1 c((g{)g,) =

E"=1(flr)¿/= i)(g,^)y and therefore that b(g,^) = i)(g,^)/i0, and that

77 = H/Z0, where 77 = H(g,&) and 77 = H(g,9~).

We now consider the orbits 0 = G g and 0 = Gg. The map 0 —> 0 given

by / —y I oc = I is a bijection. Also, if tp G 3°(0), then the function tp on 0

defined by 0(1) = tp(hc) is in 3°(Ö) ; in fact, for X e g we have (i//x)~ = ipx ,

where X = c(X), and the assertion then follows from Lemma 1.7.2. It follows
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that the map tp —y 0 is a linear bijection from 3°(0) onto 3°(Ö). For s eG,

h e 77, let s = c(s), h = c(h). We have 0(shg) = tp(shg), so tp —► 0 maps

^FiO^iO) bijectively onto 3>°F(Ö^)(Ö).

Let x.'- G —y T be the unitary character with x(expX) = e'^"^ , X e

h(£,^). Then X°c = X-

There is defined a map V: L2(G,x) —► L2(G,x) by / —y f, where / =

/oc. The map V is clearly unitary and Vn (s)V~x = n.(s), where n =

indWTG/, 7T. = ind^ÎG/, and í = c(s) for s e G. It is immediately seen

that V maps S*(G,x) onto 5"(G,x). Moreover, S-(0)f(s) = 0(sg)f(s) =

<p(sg)f(s) = Sx(tp)f(s), so Vôx(<p)f = âx(0)Vf,or Vôx(tp)V~x = ôx(0).

Now we have to prove that dn (<^(tp)) = S (tp), or, equivalently,

d(nxoc)(<Po?(<p)) = ô-(0)    or   dn-(c(^(tp)) = Sx(0).

By the induction hypothesis we have dnj(t>0 (0)) = SJ0), so we will be done

if we can show that c(<3>0 (tp)) = <t>0 (0).

To show that c(<S>0 (tp)) = 00 (0) we start by noting that J c I, since

j (¿I => XjG 0;_, + 30 => xj e 0;_, + gg => j' <¿ Jg. Writing e = Jg = {jx <

■■ < jd} and ë = Jg = {}', < • • • < )d} we have that i-ju = ju for u = I, ... ,d .

Let er^f  be the ^-chart of 0, and let a®  be the J'-chart of 0.   We

have fljt/oc), = (Uc,Xju) = (hc,X. ) = (l,c(X. )) = (l,X]u) = fff (/")„, so

afÙ°c) = of (I). Therefore, if y e Rd , and / = of (y), then of (he) = y.

It follows that 0 o Oq     (y) = 0(1) = tp(l o c) = tp ° aQ     (y), so 0 o Gq       =

& — ̂
<p o a0      . Therefore

,gg~X fs~
tpoa0     (~iXji,...,- iXJd) = 0 o aö     {-iXtj ,...,- iXi} )

which implies c(tpoa0 (—iXj ,...,-iX¡ )) = 0°o'o (—iXj ,...,-iX-jd),

and taking symmetrization  to  and using that c commutes with a> we get

c(<b®(tp)) = <pf (0). This finishes case (a).

Suppose then that we are in

Case (b): dim ¡0 = 0. Then dim 3 = 1 and (#,3) ^ 0, so 3 = 0, , and

(g,Xx) ¿0. In particular [0,02] = 0, , and therefore g2£ñg, hence 2eJg =

e, and j{ = 2. Note also that g c t = keradX2 (since otherwise g +t = g

and therefore (g,gx) = (g,[g,X2]) = (gg,X2) = (tg,X2) = 0 which is a

contradiction). We then claim that we can assume that gm_x =t = keradX2.

Proof of claim. Clearly t = kerad^ is an ideal in 0 of codimension 1 . Set

p = min{ 1 <j<m\Xj&.t}. Then p is well defined, p > 3 and 0 = t®RXp .
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It is easily seen that P & Jg (in fact, if p £ Jg , then Xp e gg + gp_x C 0^ + 6 c t

which is a contradiction). We then define a new basis 38 : Xx, ... ,Xm in 0

in the following way: For 1 < j < p - 1 we set X- = X., for p < j < m - 1 we

set Xj = Xj+X +cj+xX , where the cj+x e R are selected such that X. e t (this

is possible since RX © t = g ), and finally we set Xm = X . We then define the

linear subspaces §., 7 = 1, ... , m , in 0 by

gj = RXX © • • • © RÁ^..

We have ¿7 = a;. for 1 < 7 < /> - 1 and 0J+1 = fl\ © RA^ for p - 1 < 7" <

m - 1  implying that 0, = 0,+1 n E for p - 1 < 7 < m - 1. This shows that

^ '■ ßi > • • • >ßm is a Jordan-Holder sequence in 0, and 38 is compatible with

SF by construction. By construction we also have gm_x = É- We designate the

objects associated with this new Jordan-Holder sequence Jg,è, b(0,9~) etc.

We write Jg = ê = {j, < ■ • • < jd} .

For 1 < 7 < p - 1 we clearly have that j e J ■& j e J . Furthermore

p e J   and me J . It is easily seen that if ja = p we have

Jr = jr,    l<r<a-l,

Jr + 1 = ;'r+i.    <* < r < </ - 1,

irf = m-

We next prove that

b(g,9r) = b(g,3y).

We start by observing that (0 .) ç t for 1 < 7 < m.-. In fact, let y : g —y R

be the linear map such that [x',X2] = y(X)Xx. Then X e t *> y(X) = 0.

If 7 = 1, then clearly (jyL. Ç ê. Suppose j > 2. Then X2 G 0^, and if

X e (g¡)g., then 0 = (g,[X,X2]) = y(X)(g,Xx) which implies that y(X) = 0,

hence let. This shows that (fl.-L ç É for all I < j < m . Now for I < j < p
J   sj

we have 0, = 0, and therefore (a). = (a ,.)„ . For p - 1 < j < m - 1 we have
J J J   Sj J   Sj

0j = Sj+i H t. Therefore, if X g (0;+1)g+| we have that X et, hence A" e §;.,

and 0 = (g,[X,Qj+x]) D (g,[X,'gj}) which shows that X e (Sj)g.. We con-

clude that (g^)      c fj,)¿. But then «*,*-) - Zj,^ -lfc,V¿ +

E7=P(ß>)^ = t%î(gj)èj + E7Jp-i%+i)gH, c Ej-i1^)* + S?#-ioy)jï =
¿Zj^ièj)^ C ¿Z7^(èj)èj = KO,?-). This shows that b(g,^) c b(0,^),

since dimh(g,^) = dimf)(0,^") (= d/2) we have that b(g,^) = i)(0,9).

We shall then compare the ^-chart o0 and the ^-chart <r0 : For 1 < r <

a - 1 we have o£(/), = (/,A¿) = (l,X<) = </,A\) = of(l)r. For a < r <

rf-1 we have of (/)r = </,A\> = (l,Xjr+x +cjr+lXp) = (l,Xjr+i +cjr+Xp) =

°oV)r+l+Cjr+l°o*(lt-    Finally  <£(/)„  =  (/,* )  =  </,*>  =  (l,XJ  =
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ao (Om • In other words, if o0 (I) = (yx, ... ,yd), and &0 (l) = (yx,... ,yd)

we have

yx=y,

ya-x=ya-x

ya = ya+x+cL+lya

yr = yr+x + cJr+lya

yd-i=yd + cjäya

yd = ya-

Let now tp e 3>F{03r)(0) = 3°^,0 &-ÁO). With the above notation we have

<P ° ao (y) = V ° ao W ■ We now assert that <P0 (tp) = <I>0 (tp). But this is

clear since

tp o of    (-iXh ,...,-iXu) = tpoaf    (-iXji,...,- iXJd).

From now on we then assume that gm_x = t = ker(adAr2), and set g0 =

g\t = £lßw_i • Finally we set K = expt.

Set Kg = {1 < j < m | Xj £ &j_x + i)(g,F)}. Then writing Kg = {*:, <

■•• < kd/2} we have that Xki,... ,X. is a basis of 0 (mod fj(g,^)) of

subalgebra type. Since b(g,9r) c É = 0m_, we have that fcrf,2 = m . Using this

basis we have a unitary V: L2(G,x) -* L2(Rd/2,dt), and it maps 3"(G,x)

onto S*(R ' ), see §1.8. Set n = n = ind^^^f. The representation n is

transformed into the representation n    having the form

nV(s)h(t) = x(b(s,t))-Xh(s-Xt),

see §1.8.

In the following we indicate objects defined relative to the subgroup A" by a

subscript or superscript " 0 ". In t we have a Jordan-Holder basis 38Q: Xx, ... ,

Xm_x . We call the associated Jordan-Holder sequence 9^. Clearly b(g^) =

f)(£0'^o)' where So = 8\t-   We have tgo = gg © RX,  and writing Jg<¡ =

{j°i < ■■ < 7°_2} we have that fr = Jr+x y r = 1, ■■■ yd -2. Moreover,

Xk,...,Xk  _   is a basis in Î  (modb(g0,9¿)) of subalgebra type.  We set

n0 = ind^^x*, and transform  n0 to  nQ°  acting on L (R ,dt )  by the

unitary V0, just as we did with n = n  , and we get

^o°(s0)h0(t°) = x(b0(s0,t°))  xh0(s0  r°)
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We identify Rd/2 with R¿/2"'xR as follows t = (t°, td/2). A simple calculation

then gives that

dnV(XJf(t) = -^-(t),
01 d/2

dnV(X)f(t) = dn^(e-!^dXmX)f(t°,td/2)

for X G t, where dn^(e''d,lidXmX) acts in the first variable.

Let us now note that if / = sg e O, and y = o0 (I), then (s exp uX2g, Xj) =

(sg,Xj) for j < m while

(sexpuX2g,XJ = (sg,e~uildX2Xm) = (sg,Xm + u[Xm ,X2])

= (sg, XJ + u(g, [Xm, X2]) = (I, XJ + up,

where p = (g,[Xm,X2]). It follows that tp o of (yx,... ,yd_x ,yd + up) =

tp(sexpuX2g) = tp(sg) = tpoof (yx, ... ,yd_x,yd), since tp e 3sF{0Sr)(0)

and X2 e b(g,9~).   The conclusion is that tp o o0       only depends on the
<3¡ — X

variables yx, ... ,yd_{, and therefore tp o o0     (—iXj , ... , - iXjd) e S(tc),

hence G>0 (tp) e U(tc). It also follows that there exists a function tp on 0 =

{l\t | / G 0} such that <p(l) = ~0(l\t) for all I e O, and ~0 is the restriction to
0 of a polynomial function.

We write

tpoof (yx,...,yd)=    J2    aa^x)y?---yad-xxy
a=(a2,...,ad_t)

where aa(yx) is a polynomial function in y, .

Set 0O = Kg0 , and set tpQ = ~0\OQ . Then if lQ e 0O and / G 0 with /|É = /0

we have (l0,X2) = £2 = (g,X2). It follows that if ef^(l0) = (y2, ... ,yd_x),

then of (I) = (Ç2,y2,... ,yd_x ,yd), and therefore that

<p°af   (t2,y2,... yyd-i,yd) = <p(i) = <p0(lo)

= <Pooaoa     (y2y-yyd-x)-

The conclusion is that

<Po°°Z° iy2y-,yd-i)=    E    aa$2)y?--yad-l-

Now

®f(tp) = to(<poof~\-iXji,...,- iXJd))

= co{^aJ-iX2)(-iXj^...(-iXJd_f^

= '£aa(-iX2)co((-iXj^...(-iXh_ir-i).
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Here we have used that X2 is central in É. But then

dn0(^(tp)) = J2dn0(aa(-iX2))dn0(oj((-iXjir ■ ■ ■ (-iXjd_f^))

= Ydaa(^2)dH(to((-iXj^ ■ ■ ■ (-^o_2f-))
a

= dn0(to(J2aa(t2)(-iXfP ■ ■ ■ (-iXjo_ f "')

-iX= dn0(œ(tp0 o o^    (-iXjo, •  ■ , - iXjo)))

= dn0(*%°(tp0)).

By the induction hypothesis we have that dn^®»0^^) = S (tp0), and there-

fore we get

(*) dn0(^(tp)) = o°x(tp0).

We shall now find Ad(exp-tXm)(tèf(tp)) for teR. First, setting Xl} =

Ad(exp-/Xm)X., 1 < 7 < m , we get a new Jordan-Holder basis 38l com-

patible with the Jordan-Holder sequence 9~. Applying the formula (*) to the

Jordan-Holder basis 38l we get

(**) dn0(Q>f (tp)) = Sx(tp0).

Next, define the function tpt by tpt(l) = tp(exp tXml). Clearly tpt e 3BF,03r)(0).

If tpoof' =Zacaya, then

<p(D = Y,ca((i,xh)r---((i,xjd)r.
a

and therefore

tpt(l) = tp(exptXJ) = ¿Zca((cxptXml,XjJ)a
a

= Y,ca((l,Ad(exp-tXJXh)r---((l,Ad(exp-tXJX]d)r
a

a

¿gt — X 3§~^
Now we see from above that tptoo'0       = tp oo0     , so

tptoof    (-iX'jt,..., -iX']d) = tpoof    (-iX'jr...,-iX]d)

= Ad(exp -tXJ(tp o of    (-iXji,...,- iXjé)),

which implies that

(* * *) <¡>o'(9,) = Ad(exp-tXJ(V®(tp)).
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Using (**) and (* * *) we then get

dn0(Ad(exp-tXm)^(tp)) = S°x((q>t)0).

But then it follows that

dnv(0^(tp))f(t) = dnl\Ad(exp-tdl2Xm)^(tp))f(t)

= <'°(<%2)o)/(<°>M

= itptdß(exptdl2_xXkdi2i ■■■exptxXkig)f(t)

= itp(exptd/2Xm exptd/2_xXkdii_i • • • exptxXk¡g)f(t)

= <(WM

and therefore

dn(^(tp)) = ôx(f).

This finishes Case (b), and ends the proof of Theorem 3.1.2.

We have till now only defined <&(tp) e U(gc) for tp e 3>F{0^-)(0). We

shall now define <¡>(c>) G U(gc) for tp e 3°F,09rA0). To this end, recall from

Proposition 2.2.9 that each tp e 3>F,09-)(0) can be written uniquely as

d/2

(8) <P = ^2<PrwXkr +<P0,

r=X

where <p0, tpx, ... , tpd/2 belong to 3öF,0^rA0). We set

d/2

®(<p) = -i¿2*(<Pr)Xkr+(í>(<Po)-
r=X

Theorem 3.1.3. For tp &3>F,03rfO) we have

dnx(<S>(tp)) = Sx(tp).

Proof. Since ô   is 3BF(0)-linear this follows immediately from Theorem 3.1.2

and the definition of 4>.

We now consider the map e . Recall (see §2.5) that e defines an isomor-

phism

ex:3>F(0)^séx(G,x).

We set 4* to be the map that makes the following diagram commutative:

3>X(0)        X     JF(0)/I(0)
ex \¡ y dn

&\G,x)
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We shall now construct an explicit map *P : 3SF(0) —ySéx(G,x) such that

¥ when composed with the quotient map JF(0) -* JF(0)/I(0) is equal to ¥,

just as we did for Ô :

We set ^(tp) = 0(#>) for tp e 3dF{0^)(0). For tp e 3>F(0) we write tp as

in the formula (B) above, and set

d/2

*M = -< 2 E^Ä + Xk^<Pr)) + V{<PQ).
r=\

Theorem 3.1.4. For tp e3°F,09r)(0) we have

Proof. We have

dnxmtp)) = ex(tp).

1 d'2

dnx(V(tp)) = -i- ^(dn(V(tpr))dn(Xkr) + dn(Xkr)dn(V(tpr))) + dn(V(tp0))
2

r=X

d/2

2
r=X

Now

hence

d/2

Sx(tp) = -i^ôx{(Pr)dn(Xkt) + ôx(tp()),
r=X

d/2

Sx(9)* = i^2d7c(Xkr)Sx(Vr)-Sx(v,0).
r=\

We see that the difference of the last two expressions is equal to twice the result

of the first calculation, hence

ex(<p) = 2-(Sx(<p)-Sx(lp)*) = dn(<¥(<p)).

This ends the proof of the theorem.

3.2. Construction of unitary representations with an explicit cross-section for the

differential. Suppose now that (px,...,Pd,2 ,qv---,qd,2) are global canonical

coordinates on 0 such that px,..-,Pd,2 G 3°F(09-)(0) and

qv-. -yQd/2 e ^°F(0.T)(°) ■   AS in §2-7 We Write f0r eaCh   X G Q

d/2

VX = Y,aXr(q)pr + axo(q),
r=\

where ax   e3>(Rd'2), r = 0,1, ... ,d/2.
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We set ur = *P(/7f), vr = *¥(qr), r = I, ... ,d/2. We can then formulate:

Theorem 3.2.1 There exists one and only one strongly continuous, unitary

representation n of G on L2(Rd'2) such that 3>(Rd/2) c 77^° , and such that

dß ftf 1 d'2 da

dn(X)f(t) = Y.ax,M)jfit) + ' W)/(0 + j E "^(0/(0
r=X r r=X r

for / G 2(R /2).  The representation n is in the equivalence class of irre-

ducible representations associated with the orbit 0, and we have

dn(ur) = Dr,    dn(vr) = iMr,

where DJ = df/dtr and Mj(t) = tj(t), r = 1, ... , d/2.

Proof. This follows from Theorem 3.1.4 and [9, Theorem 3.2.3] (and also in-

voking a few details from proof of this theorem).

4. Coarse and fine ^"-stratification of the dual

of a nilpotent lle algebra

The main purpose of this section is to define the "fine ^"-stratification"of the

dual of a nilpotent Lie algebra with respect to a given Jordan-Holder sequence

9~. This will be used in an essential way in §5. The fine ^"-stratification

is a refinement of what we call the "coarse ^"-stratification", which is due to

Pukanszky.

4.1. Jump indices for skewsymmetric bilinear form with respect to flag. We start

by defining the "jump indices"of a skewsymmetric bilinear form.

Let F be a finite dimensional vector space over the field K, and let B : V x

V -y K be a skewsymmetric bilinear form on V. If M is any subset we denote

by Afx the set AT1 = {v e V \ B(u, v) = 0 for all u e M}. We define the

radical VB of B to be the subspace Vx .

Suppose that

9:V=VmDVm_xD---DVxDV0 = {0}

is a flag of subspaces, i.e. an increasing sequence of subspaces such that dim F.
= j-

Set

JB = {\<J<m\Vj<fLVj_x + VB}.

We call JB the set of jump indices of B relative to the given flag 9~.

Let Xj eVj\Vj_x, j = 1,... ,m. Then xx, ... ,xm is a basis in V. We

have

JB = {l<}<m\XjtVj_x + VB).

If JB is nonempty we can write JB = {jx <■•• < jd}. Then x. , ... ,x    is a

basis for V  (mod Vg). This implies that the matrix

MB = [B(xJu,xjv)]x<uv<d

is nonsingular.
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Set B to be the restriction of Ti to K. x K., j = 1,... ,m. The symbol

(Vj)B. then denotes the radical of 77 . For the set of jump indices JB of Bj

relative to the flag

9T: VjDVj_xD..^VxDVQ = {0}

we have

JBj = {l<k<j\xk$Vk_x + (Vj)Bj}.

Let us note that JB c JB ; in fact, we clearly have that JB = {1 < j < m \

Xj & V_ x + VBnVj}, and also VB n V} c ( Fy.)ß ; it follows that xk &Vk_x + VBn

Vj ̂ xke Vk_x+(Vj)B., and therefore xk £ Vk_x + (V)Bj => xk £ Vk_x + VB\xV].

This implies that JB c JB . In general we have

0 = JR c JR c ■■■ c JR     c7„   = /„.

Set

^ = {i<7<m|/B. _,^/fi.}.

Now either

dimVj/(Vj)Bj=dimVj_x/(Vj_x)Bji

or

dimK;./(F.)Äj=dimF._1/(F_1)5j_|+2

[3, 1.12.2]. It follows that either card(7ß ) = card(7fi ) or card(/ß ) =

card(7B ) + 2 . Since JB = 0 and card(/fl ) = card(7fi) = d is even we

get that' card(7C5) = d/2.

Another characterization of KB is

(*) KB = {l<j<m\jeJB);

in fact, if j e JB , then j & JB , so j e KB. Conversely, suppose that

j & JB . Then Xj e ^_i+(^)5. and therefore (Fß )nF_, = (Vj_x)B,_¡ , hence

7g = JB.. This proves (*). In particular we get j e KB =*> j e JB C JB , so

Ti^ c /ß.

Still another characterization of KB is as follows: We know that P(B ,9~) =

J27=\(V¡)b is a maximal isotropic subspace in V with respect to B, and that

P(B,9r) n F;. = P(Bj,9rj) [3, 1.12.3]. From this we see immediately that

KB = {\<j<m\Vj<£Vj_x+ P(B,9-)}.

We set
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Definition 4.1.1. We call /B for the m-tuple of jump indices for B with respect

to the given flag 9~.

We write

JB = O'i <  ■ • < jd) y    KB = {kx<-< kd/2}.

If j < kx we have JB = 0 and if j > kd/2 we have JB = JB . For kr < j <

K+x we have \ = JBj ¿JBk , •

We define the finite sequence /,,...,ld,2 in {1, ... ,m) recursively as fol-

lows

JBk, =Vx<kx)>     JBk      =\XJ{lr+X<kr+l}>     T<d/2-l,

and we set LB = {/,,... , ld/2} . Then JB = KB u LB as a disjoint union. If

kr< j < kr+x we have that KB = {kx < ■ ■ ■ < kr} and LB ={/,,... , lr}.

We have that x. .....jc.    ,x, ,... ,x,    is a basis in V,  (mod VR ) for all

7 > ^/2- If kr<j<kr+x, r < d/2, we have that xk ,... ,xkf,x¡ , ..., x¡r is

a basis in F.  (mod(l^)B.).

4.2. Coarse and fine 9 -stratification of the dual of a nilpotent Lie algebra. Let

G be a connected, simply connected nilpotent Lie group with Lie algebra 0,

and let

&'. ß = ßm3ßm_1^-O01D0o = {O}

be a fixed Jordan-Holder sequence in 0, and let 38: Xx, ... , Xm be a compat-

ible Jordan-Holder basis in 0, i.e. AT • G 07 \ 0 •_,.

For each g eg* we have defined the skew-symmetric bilinear form B : g x

g —y R. We set J to be the set of jump indices of B relative to the flag 9~,

i.e.   J„ = JR   with the notation from §4.1.  The restriction (77 ). of 7?   to
S **S S   J S

0  x 0   is equal to B   , where g¡ = g|0 . Therefore, if we set J1 = JB    we
J J aj J J & g j

have that the m-tuple of jump indices of 77   is

Let us note that we have

JJg={l<k<j\Xk<¿Qk_x+(gj)gj}.

We set W = {Jg I g e g*}, and for e 6 ^ we set Í2, = {g e g* | Jg = e}.

Similarly we define á?*, = {Jg\ g e g*} , and we set ê? = {¥ \ g eg*} . Clearly

^ c r, x • • • x rm.

If e = (ex, ... ,ej e & we have that ex c e2 c • • ■ c em_x c em , and we

define

K£ = {l<j<m\ej_x<tej} = {l<j<m\je e¡}.

We write Ke = {kx < ■■■ < kd,2}, and define the sequence /,,...,ld/2 recur-

sively as follows:

% = ih<kx},    ekr+¡ = ekr U {lr+x <kr+x},    r<d/2-l,
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and we set Le = {/,,... , ld/2} . Then em = KEU L£ as a disjoint union. We

set tj = (ex, ... ,ej). If kr < j < kr+x we have that Ke. = {kx < ■ ■ ■ < kr} and

Le, = {/,,..., /,}, and ej=Ke.uLSj.

Let e be a subset of {1, ... , m}. If e = 0 we set Mf = 1, Ô,, = 1 and

Pe = 1. If e ,¿ 0 we write e = {7, < • • • < jd} and set for each g eg* Me(g)

to be the d x ¿-matrix defined by

Me(g) = l(8>lXju>XjM<u,v<d>

and set

Qe(g) = detMe(g),

and

Pe(g) = PfMe(g).

For ce? we set

ae = {ges*\fg=e}.

We clearly have that 0* = U£er^e as a nnite, disjoint union. We call this

partition of 0* the fine 9-stratification of g* with respect to 9 .

Similarly we call the partition 0* = {je€% &e into finitely many disjoint sets

for the coarse 9-stratification of g* with respect to 9~.

Let e G % and write e = (ex, ... ,em). We have

Lemma 4.2.1. The polynomial functions P and 0 are constant on each coad-

joint orbit O contained in fí£.

Proof. If 0 c QE and if g G 0 then J^ = e}. Let us write e] = {jx <■•• <

jd} . Since 0   is an ideal we can write for each s e G and each 1 < v < d :

Ad(s-X)Xh=YjauvX]u+Zv,
u=\

where Zu e (g¡)„ , and we have that auv = 0 for u > v and avv = 1. If we

let A be the matrix [auv\x<u v<d we have

(sg,[Xju,XjJ) = (g,[Ad(s-X)Xju,Ad(s~X)Xjv])

=  E aJg y [XJP y XjJK, - ('AM^)A)„„ ,
P,Q=X

which means that Mp(ig) = 'AMe(g)A. Now since A is an upper triangular

matrix whose diagonal elements are all equal to 1 we have that detA = 1 ,

hence P€j(sg) = PfMe¡(sg) = Pf'AM, ig) A = det APflvI, = PfMPj = Pe.(g).

This ends the proof of the lemma, since 0   = P. .

Recall (see §3.1) that we have set

m

•l(g,9) = ^(Bj)g)y
7=1
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and that b(g,9~) is a polarization at g [3, 1.2.10], the Vergne polarization at

g associated with 9~.

If g e Si, we also write Ka = K,  and L0 = L,.   For g e g*  we can

characterize /£   as follows:

*„ = {1 < j < m | AT. £ fl, , + f)(g,^)}.

5. Construction of canonical coordinates

Let G be a connected, simply connected nilpotent Lie group with Lie algebra

0. In this section we shall show how one can explicitly construct global canonical

coordinates on each coadjoint orbit of G. Actually, we do more than that: We

give an algorithm for constructing the rational functions p\, ... , pdj2 ,q\, ... ,

qd/2 appearing in the theorem below. This theorem is the main result of this

section. As a by-product we obtain non-inductive proofs of two basic facts from

the Kirillov theory (5.4.6), namely that one can associate a well-defined class

of irreducible representations of G with each coadjoint orbit 0 of G, and

that the image of the universal enveloping algebra by the differential of such a

representation can be identified with the algebra of all polynomial differential

operators on some space R" (the Weyl algebra).

5.1. Formulation of theorem. Let 9r be a Jordan-Holder sequence in 0, and

let 38: Xx, ... ,Xm be a basis in 0 compatible with9~. Recall that we have

defined the fine 9-stratification g* = {jeegSie of 0*, and that F(0,9~) is

the G-invariant polarization of 0 defined by the Vergne polarization b(g) =

b(g,9) at g eg* (§4.2).

Theorem 5.1.1. There exists for each see? rational functions p\, ... ,Pdj2.

q\, ... , qdl2 on g* with the following properties: For each orbit O contained

in Si£ the restrictions qf, ... ,qd/2 of q\, ... ,qd/2 to O are in 3sF,03rfO)

and the restrictions px , ... ,pd,2 of p\, ... ,Pd,2 to O arein 3öF,09-)(0), and

Px y ■■■ 'Pd/2<ax ' ••• y^d/2 tire canonical coordinates on O.

We shall prove Theorem 5.1.1 in §§5.2, 5.3, 5.4 and 5.5. In the course of our

proof we shall describe an algorithm for calculating the the rational functions

p\, ■■■ ,Pdn , q\, ■ ■ ■ , qd/2 appearing in the theorem, and, in fact, this algorithm

produces rational functions with denominators from the algebra generated by

P P

5.2. The rational functions S* ; defining qEu. The main goal of this section is to

define the rational functions q\, ... ,qd/2 appearing in Theorem 5.1.1.
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For g G Sie we define the (m x (7/2)-matrix xe(g) =   T*M(g)l \<}<m     as
X<u<d/2

follows:
d/2

Xj = zZ^uiS)Xkv+B)(g),
u=X

where B£¡(g) e b(g). The matrix re(g) is well defined since X. ,...,X.     is a
J *M "-*7/2

basis for 0 (mod b(g)) for g e Si£.

Lemma 5.2.1. For all g e Si£ and h e 77 = H(g) = expf)(g)  we have that

rE(hg) = x£(g) and Bj(hg) = Bj(g), l<j<m.

Proof. In general we have b(sg) = Ad(s)b(g), and since b(g) is a subalgebra

we have b(hg) = Ad(h)b(g) = b(g) for h e H(g). Therefore writing

d/2

Xj = ^)uihg)Xku + B](hg),
u=X

where B}(hg) e b(hg) = b(g) we see that Bj(hg) = Bj(g), and reju(hg) =

reJU(g) for all g e SiE, heH(g).

For 1 < j < m we define the function Se. on Si, as follows

(*) $(g) = (g,Bj(g));

we also have

d/2

(**) stj(g) = {g,Xj)-E*U*HS'xú
u=X

Lemma 5.2.2. For g e SiE and h e 77 = 77(g) = exprj(g) we have SUhg) =

S)(g).

Proof. For h e H(g)  we have S)(hg) = (hg,Bj(hg)) = (hg,Bj(g))  Now

h = expX,  X e b(g), hence  (hg,Bj(g)) = (g,e~&dxB}(g)) = (g,Bj(g)),

since b(g) is an isotropic subalgebra.

It follows from Lemma 5.2.2 that Sj when restricted to an orbit 0 = Gg

contained in SiE is constant on the fibers of the fibration defined by 77 = 77(g).

The definition of q\, ... ,qd/2 on Q£ now are as follows: Write L = {/, <

• • • < Id/2) and set q£u(g) = S¡u(g) for g e Si£, u = 1, ... ,d/2. In order to

be able to extend q\, ... ,qd/2 to all of 0* as rational functions and to give an

algorithm for computing such extensions, we shall have to explore the matrix

tc in greater detail.

5.3. The matrix t . Let e G %, and let d be the dimension of orbits contained

in Si,.
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For each 0 G fi£ we define the (m x i7)-matrix p (g) as follows: For each

1 < 7' < m we write

d/2 d/2

XJ = E P%lx(S)Xku + E P%XL + AT^) y
U=X u=X

where Ad/2(g) e gg .

For each 1 < v < d/2 we then have

d/2 d/2

(#)     (gylXjyXkvl)=EP%l-x(ë)(8y[Xku,XkJ) + Y;P%2u(g)(g,[Xlu,XkJ),
u=X u=X

d/2 d/2

(gdXj,XJ) = J2P%l-x(s)(S>lXku>XlJ) + Ep?22u(g)(8,[Xlu,Xlv]).
u=\ u=X

In order to rewrite the relations (D) in a more compact form we introduce

for any g G 0* the (d x (7)-matrix p ' and the (m x i7/2)-matrix a /2(g) as

follows

od}'2u_x = (g,[Xj,Xku]),    1 <7 < m, 1 < u < d/2,

fff22u = (s,[Xj,Xlu]),    l<j<m, l<u<d/2,

and

4u-i2v-xis) = {g,[Xku,Xkv]),    l<u,v<d/2,

Pd2u-X2viS)-{gy[Xku,Xlv]),      l<U,V<d/2,

f4l\v-i(s) = (g,lXlu,Xkv]),    l<u,v<d/2,

4i22v(s) = (S>[Xlu,Xlv]),    l<u,v<d/2.

The relations (tt) can then be expressed as

od/2(g)=pd/2(g)S,2(g),

for g eSiE, hence we have for g eSiE:

Pdl\g)=°dl\g)ß"2(g)-X.

We shall take this formula as the definition of p /2(g) when g does not belong

to SiE. In this way the entries of the matrix p /2(g) are rational functions on

0* with denominators equal to Pdj2(g) = Pfp /2(g).

Similarly we define for 1 < r < d/2 the (kr+x - 1) x 2r-matrix pr(g) as

follows: For each 1 < j < (kr+x - 1) we write

XJ = Í2Pj2u-x(g)Xku+£lPrj2u(g)X¡u+Arj(g),
u=X u=X

where A^g) e (gk)gk, where k = kr+x - I.
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We also define the (kr+x - 1) x 2r-matrix a(g) and the (2r x 2r)-matrix

pr(g) as follows

^j2u-x(s) = {g,[Xj,Xku]),     l<j<kr+l, l<u<r,

o]2u(g) = (g,[Xj,X,u]),    1 < 7 < kr+x, 1 < u < r,

and

Hr2u-x2v-x(s) = (S,{XK,Xkv]),    l<u,v<r,

¿lu-xiviS) = (g,[Xku,Xlv]),    l<u,v<r,

H2u2v.l(g) = {g,[Xlu,Xkv]),    l<u,v<r,

rir2u2v(g) = (g>lXiu>XiJ)y     l <u,v<r,

and in this way we have as above

o\g) = p\g)p"(g)

and

P(g)=o (g)/i{g)~l

for g e SiE. We take the last relation as the definition of pr(g) when g is

not contained in SiE. In this way the entries of pr(g) are rational functions in

g with denominators in the algebra generated by the polynomials by Pr(g) =

Pfpr(g), 1 < r < d/2. Note that the matrices a and p , r = I, ... ,d/2,

are submatrices of a '   and p '  , respectively.

We note that p'(g) depends only on g\gk . We write this symbolically as

Pr(g) = Pr(C,, ■■■ ,tkr)y where (Í,, ... ,£m) are the coordinates of g with

respect to the basis of 0* dual to Xx, ... , Xm .

For g eSiE we have defined the (m x í7/2)-matrix x(g) =   t^   I i<j<m     as
X<u<d/2

follows:
d/2

XJ = T.')uiS)Xku+B](g),
u=X

where Bj(g)eh(g).

We shall give a recursive way of obtaining t*. u :

If j < kx we have that x)u(g) = 0 for l<u<d/2.

Suppose then that t)u(g) has been found for all 7 < kr, 1 < u < d/2. If

r < d we shall determine t*u for all fcr < j < kr+x, 1 < u < d/2, and if

r = d we shall determine t* m for all kd/2 < j < m, 1 < u < d/2. So suppose

kr < j < kr+x (resp. kd < j < m). We can then write

X} = Í2Pj2u-x(s)Xku +Í2Pj2u(s)X,u + A](g).
u=X u=\
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We also write
d/2

xL = E\v(g)\+B,Sg),
v=X

u = 1, ... ,d.

Now if u < r, then lu < ku < kr, so

Xlu-Y,\vis)xkv+Btu(g),
v=\

u = I, ... ,r, hence

Xj= Y,Prj2u-x(g)Xk»+T,Pj2U(g)   £<„(*)**+ *¿(*) )+Arj(g)
u=X u=X \v=X j

r r      r

= Y.pj2u-x^)xku + Y,T.pj2Ág)Ajs)xkv
u=X u=X v=X

+ JLPj2AS)Bl(g) + Arj(g)
u=X

r r

= 12(prj2u-x(S) + J2prj2v(sKu(S))Xku
u=X v=X

+ Jtpj2u{g)Bl(g) + Arj(g).
u=\

Now since the last term is clearly contained in f)(g) we have for kr < j < kr+x

(kd <j<m):

r

X)¿S) = Prj2u-x(s) + T,Pj2v(gKu(8)y     !<"<'-,
v = X

zeju(g) = 0,    r<u<d/2.

We take this as the defining relations for xE(g) when g does not belong to

Q£. In this way t* u isa rational function on 0* with denominators from

the algebra genarated by the polynomials Px, ... ,Pd/2 ■ We see that t£ u(g) =

tj.tëi. — .ifc) for K<j<kr+X.

Lemma 5.3.1. The functions teJu, when restricted to a single orbit O contained

in SiE, belong to 3öF){ogr)(0).

Proof. We already know that t' u are rational functions with denominators in

the algebra generated by Px, ... ,Pdj2 and that r£ju(hg) = r£ju(g) for g G Q£,

h G 77(g) (Lemma 5.2.1 ). Now since Px, ... , Pd/2 are constant when restricted

to a single orbit contained in Si   (Lemma 4.2.1) we have proved the lemma.
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We have defined the functions S£ on Q£ by

d/2

Sj(g) = {g,XJ)-J2xejU(g){g,Xku).
u=X

We take this as the defining relation of S£ when g does not belong to Si . In
J *•

this way Sj is a rational function on 0*. For j = kr, r = 1, ... , d, we have

S£ = 0, and for k, < j < k,, we have
j t      J r+1

S£J(g)=iJ + Sej(^,...,^),

where S (g) is a rational function on 0* with denominators in the algebra

generated by Px, ... ,Pr. It follows that we have, using Lemma 5.2.2,

Lemma 5.3.2. The functions S£, 1 < j < m, when restricted to a single orbit O

contained in SiE, belong to 3>F,09-AO).

5.4. Construction of canonical coordinates on a single orbit. We now consider

the 38 -chart o0 : O —y R of a single orbit 0 = G g contained in Si£. Recall

that of is defined as of : I -* ((I ,Xjy),... ,(l ,XJd)) (see §1.6). In the fol-

lowing we use then notation on = (y. , ... ,y. ). The inverse of on   is given
*-s J\ Jd ^

by of: (yh,... ,yjd) = y -+ (Rx(g ,y), ... ,Rm(g ,y)) = J2j=xRj(g ,y)lj.
Recall that (g,y) -* Rj(g,y) is a polynomial function in the variable y =

(y.,...,y¡) and a rational function in the variable g e g* with denomina-
Jl Jd

tors in the algebra genarated by Px, ... , Pd/2, and that Rjr(g ,y) = y h .

We now define another map x0 : O —y R   in the following manner:   tg :

/ -* (zjt (I), ... , zjd(l)), where, for r=l, ... ,d/2,

zjr(l) = (l,Xjr)   if jreKg

and

zjr(l) = Sjr(l)   if jreLg

or, put otherwise,

hrd) = (l,XJ=ykr(l)

and

zh(l) = S[(l)    (or zlr(l) = S£r(l) ).

Then z. , ... ,z.   are polynomial functions on the orbit 0, and they belong
J] Jd

to 3°F(0 T)(0), and for jr e Lg we have that zh e 3°F(0) (Lemma 5.2.2).

Lemma 5.4.1. The map r'0   is a polynomial chart on O.
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Proof. First we consider t% o of    : Rd -► Rd .  We write tg o of    (y) =

{fh{gyy)y-yfjMyy))y^K 0 = Gg. We have for l<r<d/2

fkM>y}=ykry

flr(g,y) = Slr(Rx(g,y),...,Rm(g,y))

= ylr+Sl(Rx(g,y),...,Rlr_x(g,y)).

We set fjr(g,y) = Sejr(Rx(g ,y), ... ,Rjr_x(g,y)) for jreLg,  l<r<d.

Since Rj(g,y) at most depends on y. , ... ,y,     for j < jr we have that

7jr{g,y) = J}r{g,yl,...,yjr_{),

when jr e L  . Let us set /   = 0 for jr e K , I < r < d. In this way we have

for all 1 < r < d :

fjg,y) = yjr+7jr{gyy) = yjr+7jr{g,yh,... ,yjr_J

Writing these equations

zh=y^

zji=yh +

zh = yJ>+fjM>yjryJJ>

zh=yh+fh(8>yh)>

zu=y1^^M^y^---yu-^

we see by succesive solution that

y h = zn >

yh = zn-f_iM>yn>yh)

= zh-fjM>zh>zh-fh^>zh»'

yh = zh-7jM>yh>-->yuJ>
,-x

and therefore that t0 o o0       is bijective and its inverse z —y o0 ot0     (z) =

(h. (g, z), ... , h  (g, z)) : R  —► R   is a polynomial function given by
vi Jd

yJr = hjg,z) = zjr + hjg,z) = zjr + hh(g,zh , ... ,zjri),

r = I, ... ,d.  In other words, t0 o oq       is a polynomial diffeomorphism.

This ends the proof of the lemma.

5.4.2. For later use we note that the functions (g,y) —> f-(g,y) and (g,z)^

hj(g, z), g G Si£, y g R , in a natural way can be extended to be rational



554 N. V. PEDERSEN

functions on 0* in the variable g with denominators in the algebra generated

by the polynomials Px, ... ,Pd/2.

We shall now briefly consider what happens to the canonical symplectic form

under the coordinate change (v. , ... ,y,■ ) —► (z¡ , ... ,z. ). Let us set w„ =
K   J\ Jd J\ Jd rs

0J0(d/dyjr,d/dyJs) and co'rs = co0(d/dzjr,d/dzjs) for 1 < r,s < d, and

let to, œ be the corresponding matrices. Writing y = [dz. /dy, ]x<r s<d we

have <o = 'yaty. Now since z. = /. (y) = y. + f (y. , ... ,y. ) we see

that dZjJdyjs = 1 for s = r, and dzjjdyjs = 0 for s > r, and therefore

that y is a lower triangular matrix with l's in the diagonal, hence dety = 1 .

We conclude that deteo = det© . Now we have the following matrix relations

l{yjr >yjs}]x<rj<d = -(a~y and similarly {{zjf, *;,}],<,^ = -to''1 ■ It follows

that

PeJD2 = Pf([(l,[xjr,xjs])]x,rs,d)2

= m{yjr, y;s}(/)],<,,s<¿)2 = m{*j, y ̂ )m<r,<df-

We now define the (d x ¿7)-matrix A in the following way:

ars(l) = izkr'zks}> l<r,s<d/2,

ars+d/2V) = {zkryzi)y ^<r,s<d/2,

ar+d/2s(l> = {zlr>zks}>    l<r,s<d/2,

ar+d/2s+d/2Íl) = izlryzO>      l<r's< d/2-

0, hence ars = 0 for

hence det A12(/) = ±Pe (I). In particular det A12(/) is constant on each orbit

contained in Si£. We define for each / G 0 the (d/2 x í7/2)-matrix B(£) as

B(/) = A12(/r*.

Since the entries of A12 are of the form {zk , zr}, and since z¡ e 30F,o^rAO),

we see that the entries of A12 are in 3eF,09-)(0). Moreover, since 3°F{ogr)(0)

is a subalgebra and since det A12 is constant on 0 we see that the entries of B

are in ^(Oi^(0).

Let us then note that by construction  {z-¡ ,z-¡}

d/2 < r,s < d , i.e., A(/) has the form

It follows that detA(0 = (detA12(/))2 . But

detA(/) = det([{z,.,z ,}],<,,,<,(/))
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We now define the functions qx = qx , ... ,qd,2 = qd/2 and px = px , ... ,

pdj2 = ~jf°d¡2 as follows: We set

qr(l) = zlr(l),    r=l,...,d/2,

d/2

PM) = EbJl)\(l)y    r=l,...,d/2.
5=1

We note that q° = q£\0, r = 1, ... ,d/2 (see §5.2). By construction we have

{qr,qs} = 0. Moreover, {pr,qs} = {E?i,Vvz7,> = Y?tL]brt{zki,z^ =

(BA12)rj = örs. We also note that qx, ... ,qd/2e 3>F(0) and that px, ... ,pd/2

e3>F(0).

Define the map t = (xx, ... ,xd,2):   G/H —y Rd/2 by xr(sH) = qr(sg),

s e G, 1 < r < d/2. This map is well defined by since qr e 3>F(0).

Lemma 5.4.3. The map x defines a polynomial chart on G/H.

Proof. It follows from Lemma 2.2.6 that the map 0:0-»R'   x G/77 given

by '

<t>:l = sg^((l,Xk¡),...,(l,Xkd/2),sH)

is a bi-polynomial diffeomorphism, and it follows from Lemma 5.4.1 that the

map 0 —► R   given by

/->((/, Xki),...,\l,Xkiß),qx(l),...,qdl2)

is a bi-polynomial diffeomorphism. But from this we see that the map G/77 —>

R ' : sH —y (qx(sg), ... ,qd,2(sg)) is a bi-polynomial diffeomorphism. This

ends the proof of the lemma.

It follows from the previous lemma that 3°F(0) are all functions of the form

a d/2.
(qx,...,qd/2),v/here ae3>(Ra'z).

We now define the map tp0 : O —y R   by

<Po ='-» (?i(/). ..■ ,Pd/2(l)yQi(1),... ,Qd/2U))-

Lemma 5.4.4.  tp0  is a polynomial chart.

C& ¿gi — 1

Proof. Consider tp0 o t0      : z —► (p(z), q(z)). We have for 1 < r < d/2 :

d/2

qr(z) =zIr,    Pr = J2 brs(zlt > • • • ' %2)zks y
5=1

¿3? ¿^ — 1
so tp0 ox0      is a polynomial function. Moreover, for 1 < r < d/2 we have

zl, = (lry

d/2 d/2

Zk, = E arß)Ps = E fl«(«l » — « adß)Ps-
5=1 5=1
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It follows that tpQ ox0      is bijective and that t0 oy0      is polynomial. This

ends the proof of the lemma.

Before going on, let us note that we have

{tp,v}=Y{p ,p}^^ + Y(^d-V--^L^\.
¿i dp~r dPs     ¿Í \dpr dqr     dqr dpj

In particular we have

d/2 a a

If w e 3°l(03r)(0) it follows that

xyr>vs     dqr

Lemma 5.4.5. Let qx,...,qd,2 be generators of 3>F.0^r)(0), and let p

pdj2 be elements in 3SF{0^)(0) such that {pu,qv} = Suv, 1 < u,v < d/2.

Then there exists functions ax, ... ,ad/2 e 3BF,03r)(0) such that if we set pu =

Pu + au. 1 < w < d/2, then {pu,qv} = ôuv and {pu,pv} = 0 for 1 < u,v <

d/2.

Proof. We shall give a recursive way of obtaining such functions au : We set

ad¡2 = 0. Suppose that ad/2, ... , a have been determined such that {pr,ps} =

0 for j < r,s < d/2 and {pr,qs} = örs, I < s < d/2, j < r < d/2. We

seek an element a_, G 3äF,09-AO) such that p,_, = p._, + a_, satisfies

{Pj-i ,<]s} = Sj-is for 1 < s < d/2 and {p;_, ,ps} = 0 forj<s< d/2, i.e.,

such that {Pj_x ,qs) = Sj_Xs and {pj_x ,ps} = -{a;_, ,PS} for j < s < d/2.

But the first condition is already satisfied, so the element a_,  has to satisfy

{Pj-i ,PS} = -{ay-i >PS} = -iaj-\ >PS} for J <s < dl2- Now since aj-x is

assumed to be in 3>F(09r)(0) we must have {a]_x ,ps} = -daj_x/dqs which

means that it is necessary and sufficient to find a_, in 3°F(ogr)(0) such that

dai   ,

for 5 = d/2, ... ,j. We shall show that this system of equations can be

solved.   Set fs = {p._, ,ps}  for 5 = d/2, ... ,j.   First we claim that fs e

3BF(0,<?){0), j <s < d/2. To see this, note that {qs,fr} = -{qs,{pr ,P}_X}} =

{Pr, {Pj-i}} + {Pj-i y {Qs yPr}} = 0. since either {qs ,pr} = 0 or = 1 and simi-

larly for {pj_ x, qs}. This means that we can consider fx, ... , fdj2 as functions

of qx , ... ,qdj2 , and that we have to solve the equations

da._.
-£- = /,(«!, ■■■,Qdl2)y    r = d/2,...,j.
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Since we are in a simply connected domain these equations can be solved if and

only if we have

d-¿ = d-é    for j<r,s< d/2,
dqs      dqr

i.e., if and only if

{Ps,fr} = {pr,fs}   for j<r,s< d/2.

But for j < r,s < d/2 we have

öf = {ps,fr} = {Ps,{pr,Pj-l}}

= ~{Pr , {Pj-i ,PS}} - {Pj-x y {Ps 'Pr}}

= {Pr , {Ps ,Pj^}} = {Pr y {Ps ,Pj-X}} * of y

and this shows that these equations can be solved. Since the functions fr are

polynomials in C[qx, ... ,qd/2], there is an obvious algorithm for for finding

a■•_ i • Note also that the functions au are uniquely determined if we require

that pu(0, ... , 0) = 0. This end the proof of the lemma.

We now use Lemma 5.4.5 on the functions px, ... ,pd,2 constructed previ-

ously to find functions px = px , ... ,Pd,2 = Pd,2 satisfying the properties in

Lemma 5.4.5. We define tp0 : O —y R   by

ÍP0:1^(P°(1), ... yPd/2y<¡i°(l)y ••• »0?/2(O)-

It is immediate that tp0op~QX is a bi-polynomial diffeomorphism. We have thus

constructed a polynomial global chart on 0.

5.4.6. Using the polynomial global chart tp0 = (px,...,pd/2,qx,...,qd/2) we

have that 3°F(0) consists of functions of the form a(q), where a e 3°(R /2).

It follows that each function tp e 3°F(0) can be written uniquely as

d/2

<P = T,br(q)vXk'+b0(q),
r=X

where b0,bx, ... ,bd/2 belong to 3°(Rdl2) (Proposition 2.2.9). In particular

each y/   , X e g, can be written

d/2

WX = ^bx r(q)y/Xkr + bxo(q).

r=X

Setting bs f = bx r and using the notation from the beginning of §5.4 this

means that we can write each y.   uniquely as

d/2

yjs = J2bsAaK + bsfi^)y
r=X
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s = l, ... ,d. Suppose now that 7 g Lo . Then there exists 1 < w < d/2

such that js = lw , and we have

yJs = hg,jSzJ = zj!+JijM>zjr--->zjsJ

= qw+hh(g,zh,...,zhí),

where we use the notation from the proof of Lemma 5.4.1. Comparing this

with the expression above we get that

d/2

y is = y-L = «w + E bsMx > •• • y%,-x)ykr + Km . • •• »««_!).

where b's/q) = -qw + bsfi(qx ,...,qw_x).

Let us then use the polynomial canonical coordinates tp0 to construct the

representation n as in Theorem 2.7.2. It is then immediate that we can con-

struct elements vw e U(gc), w = I, ... , d/2, such that dn(vw) = iMw , where

Mwf(t) = twf(t). In fact, set vx = X. (= X¡t); then dn(vx) = iMx. Suppose

then that we have found vx, ... ,vw_x , w < d/2, such that dn(vr) = iMr for

1 < r < w - 1, and let I < s < d he such that Iw = js. It then follows from

Theorem 2.7.2 that

d/2

dn(Xh) = iMw + J2br,(Mx , ... ,Mw_x)dn(Xkr) + ib'0r(Mx ,...,MW_X)
r=\

d/2

= iMw + J2br/-idn(vx)y-' - idn(vw_x))dn(Xkr)
r=X

+ ib'0r(-idn(vx), ... , - idn(vw_x))

= iMw + dn   ¿ brs(-ivx,...,- ivw_x)Xkr

+ id7l(b'0r(-iVx,..., ~iVw_x)).

Therefore, if we set

d/2

Vw = Xjs -T,br/-ÍVX »"•.- iVw-x)Xk, - Íb0,r(-ÍVl .•••»- ÍVw-x) >
r=X

we have that dn(vw) = iMw . It is then clear that we can also find elements

ur G U(gc)  such that dn(ur) = Dr  (Proposition 2.3.1), and it follows that

dn(U(gc)) = si? ¡ (R l ). This result is of course immediate from Theorem

3.2.1. The point is, however, that here we have proved this result without the

usual induction-on-the-dimension-of-the-group argument. Having this result it

follows easily that the representation n is irreducible.

This means that we have now, for the first time, a noninductive proof of the

fact that one can associate a well-defined class of irreducible representations
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of the group G with each coadjoint orbit. In fact, here we have proved that

the representation constructed by means of a Vergne polarization is irreducible,

and it follows by a noninductive argument from [10] that any representations

arising from a polarization satisfies the Kirillov character formula. Since we

have proved here that at least one of these representations is irreducible, they

all are, and, moreover, they are all equivalent.

We note that we have also given, for the first time, a noninductive proof

of the fact that the image by the differential of an irreducible representation

associated with an orbit is isomorphic to the Weyl algebra s/(R ' ).

Let us finally remark that there are other basic results from the Kirillov theory

that still lack noninductive proofs; the most important of these are the fact that

all irreducible representaions are associated with orbits, and the fact that the

center of the universal enveloping algebra is isomorphic to the algebra of all

G-invariant polynomials on 0* (where we even have an explicit isomorphism

using the symmetrization map).

5.5. The rational functions p£. We shall now define the rational functions p£

appearing in Theorem 5.1.1.

First we consider the functions p~r   defined in §5.4. We start by noting that

if tp, y/ e %(0), then

U,v=l   \k=X / J»       J«

see §2.1.   It follows that if we let ars(g ,y) denote the entries of the matrix

A,2(ct0 (y)), 0 = Gg, where A,2(/) is defined in §5.4, we get with, the

notation from the proof of Lemma 5.4.1, that

dim \   d\ d f-

«rs(gyy)= E [z2cj.j.M*>y))^*>y)djLis>y)>
u,v=X   \k=X J h }h

and from this it follows that we can extend ars(g,y) in a natural way to

a rational function on 0* with denominator in the algebra generated by the

polynomials Pe , ... ,Pe  . Let then ßrs(g ,y) denote the entries of the matrix
¿2) — 1 _ J

B(ao W) ' where also the matrix B(/) = A12(/) is defined in §5.4. Since

detB(/) = Pe (I) for I e Si£ we see that we can extend g —► ßrs(g,y) to

a rational function on 0* with denominators in the algebra generated by the

polynomials P„ , ... ,P0  . We then set

d/2

Fr(gyy) = T,Prs(g>y)fkSgyy)y    r=l,...,d/2.
5=1

The functions (g,y) —► Fr(g,y) are the polynomials in the variable y and

rational functions the variable g with denominators in the algebra generated
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by the polynomials P , ... ,Pgm, and it follows from §5.4 that if g e Si £ and

0 = Gg, then

P°r{y) = Fr(g,y).

Having this result we proceed to consider the functions pr constructed using

Lemma 5.4.5. In the proof of Lemma 5.4.5 we constructed pd , ... ,p\° be a

recursion procedure. Inspecting this procedure, using the result we have already

obtained about pr , and arguing as above we see that there exists functions

Fr{g>y) that are polynomial in the variable y and a rational function in the

variable g with denominators in the algebra generated by P, , ... , P,  , and
"l °m

such that

p°iPo   iy)) = FÁs,y),
when geSiE, O = Gg, r=l,...,d/2.

We now define the functions p£r by

Per(g) = Fr(Rx(g,0), ... ,RJg,0),Zjt , ... ,í¿),

where we identify elements g G 0* with their coordinates <5 = (g, Xj) with

respect to the basis in 0* dual to Xx, ... ,Xm. Clearly the functions p£, r =

1, ... , d/2, are rational functions with denominators in the algebra generated

by P, , ... , P   , and we have

P° = p£r\0,    r= 1, ... ,d/2;

in fact, let / G 0, and set y = oQ (I). Then (/, AV ) = y, , so

P°(l) = Fr(l,y)

= Fr(Rx(l,0),...,Rm(l,0),yh,...,yJd)

= Prd).

We have now found the rational functions p£ and q£ from Theorem 5.1.1, and

this ends the proof of Theorem 5.1.1. Let 0 be the 6-dimensional nilpotent

Lie algebra with a basis 38 : Xx, ... ,X6 satisfying the following nonvanishing

commutation relations (we only give [X(.,AT] for i > j):

[X6, Aj] = Af4, [X6 , A"4] = A'j, [X6 , X3] = X2 ,

[X5, X4] = X2 , [X5, X2] = —Xx, [AT4, X3] = Xx .

We only carry out the calculations in the first stratum. The other strata are han-

dled similarly. The canonical coordinates (px ,p2,qx,q2) have been calculated

using the algorithm from §5.

1st stratum: £,x^0:

The 5-tuple of jump indices: e = (0,0,0,{3,4},{2,3,4,5},{2,3,4, 5})

The dimension of orbits: d = A.
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The jump indices:

;'i = 2, 72 = 3 , 73 = 4, 7'4 = 5 ,

/, = 3, /2 = 2,

Ix=2, I2 = 3 .

The polynomials P, :

"e, = *»1 '<?3

P   = -treA '»l

The functions \pA' = 7?   expressed in the coordinates (y2 ,y3 ,yA ,y5) :

Bl(g,y) = yl =£,,

R2(g,y)=y2,

R3(gyy)=y3,

R4(g,y) = yA,

R5(g,y) = y5,

R6(g,y) =y6 = S6 + -^(-6^^ + 3¿^2-2¿23 + 6£,y2y4-3<^2 + 2y23).
°Ç(1)

The rational functions (p\ ,p2, q\, q2) :

Px = y2(-^s-^Qy
•»i

P2 = TÍA .
<»1

<?í = £2>

The canonical coordinates (px,p2,q¡,q2) expressed in the coordinates (y2 ,y3,

y4>y5)-

■»i

i
P2 = j-y* '

*»i

?, = y2,

i2 = y3-

The functions y ' expressed in the canonical coordinates (px ,p2,qx,q2):

y2 = <?i y
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y i = a2 y

y A = t\Pi y

y6 = ¿(6^6 + 6ÍW2 - 6£.<^4 + 3itfJ - 3Í,922 - 2£23 + 2if).

The representations calculated from the formula in Theorem 3.2.1 using the

global canonical coordinates (px ,p2, qx, q2) :

dn(Xx) = iÇx,

dn(X2) = itx ,

dn(X3) = it2,

d«(x4) = ^2,

dn(X5) = ^(-ex^-itxt2),

dn(X6) = ¿(6£fo + oíf/,^- - 6Í,Í2Í4 + 3^ - 3«,^ - 2¿3 + 2iíJ).
6Çj oí2

The elements «1 ,u2,vx ,v2 e U(gc) defined in §3.2, cf. Theorem 3.2.1:

"i = ¿(¿1*5 + ^3*2).

1    Y
U2 - J~AA>

vx= X2,

v2 = X3.

Added in proof. In a recent paper by P. Bonnet, Paramétrisation du dual d'une

algèbre de Lie nilpotente, Ann. Inst. Fourier (Grenoble) 38 (1988), 169-197,

results similar to those of §5 in the present paper have been obtained.
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