TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 315, Number 2, October 1989

GEOMETRIC QUANTIZATION AND
THE UNIVERSAL ENVELOPING ALGEBRA
OF A NILPOTENT LIE GROUP

NIELS VIGAND PEDERSEN

ABSTRACT. We study geometric quantization in connection with connected nil-
potent Lie groups. First it is proved that the quantization map associated with
a (real) polarized coadjoint orbit establishes an isomorphism between the space
of polynomial quantizable functions and the space of polynomial quantized
operators. Our methods allow noninductive proofs of certain basic facts from
Kirillov theory. It is then shown how the quantization map connects with the
universal enveloping algebra. This is the main result of the paper. Finally we
show how one can explicitly compute global canonical coordinates on coadjoint
orbits, and that this can be done simultaneously on all orbits contained in a
given stratum of what we call “the fine ¥ -stratification of the dual of the Lie
algebra”. This is a generalization of a result of M. Vergne about simultaneous
canonical coodinates for orbits in general position.

INTRODUCTION

Let G be a connected Lie group with Lie algebra g, and let O be the coad-
joint orbit through the element g € g*. Further, let h be a real polarization
at g, and let F be the corresponding G-invariant polarization of the symplec-
tic manifold O. In this situation the space %’Fl(O) of smooth F-quantizable
functions on O is well defined (cf., e.g. [9]). Let H, be the analytic subgroup
corresponding to b, and set H = GgHo, where Gg is the stabilizer of g
in G, and suppose that there exists a unitary character y: H — T such that
x(exp X) = X forall X € h. This means that the orbit O is integral. We
have in [9] defined the space &' (G, x) of quantized operators. This space can
be considered as the set of all differential operators of order at most one in the
homogeneous line bundle with base G/H defined by x . The main result of [9]
was that the quantization map

5,:&(0)— B (G,)
is a Lie algebra isomorphism.
Suppose now that G is nilpotent and simply connected. Then the space of
polynomial functions Z(0) on O is well defined, and therefore also the space
5";(0) (c gFl (0)) of polynomial quantizable functions. Similarly we can speak
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512 N. V. PEDERSEN

of the space &/ I(G, x) (C ﬁl(G, x)) of polynomial quantized operators. In
the first part of the paper we show that the image of the space of polynomial
quantizable functions (@;(0) by the quantization map 5X is equal to the space

of polynomial quantized operators of order at most one &/ 1(G ,X) (Theorem
2.4.1), i.e, JX defines a Lie algebra isomorphism

8,: P(0) = & (G,x).

Combined with Pukanszky’s noninductive proof of the Kirillov character
formula [10], our methods can be used to give noninductive proofs of two other
basic facts from the Kirillov theory, namely that one can associate a well-defined
class of irreducible representations of G with each coadjoint orbit O of G,
and that the image of the universal enveloping algebra by the differential of such
a representation can be identified with the algebra &/ (R") of all polynomial
differential operators on some space R” (the Weyl algebra); in fact, we carry
out this program in §5 (5.4.6).

Let now m, = ind,;x be the induced representation of y. Then T, is a
representative - f the class of irreducible representations associated with O. De-
noting by d T, we differential of T, considered as a representation of U(g.),
the universal enveloping algebra of the complexification g. of g, we can for
each u € U(g.) consider the operator dnx(u) as an element of the space
Z(G,x) corresponding to all differential operators in the line bundle men-
tioned above, and, in fact, it is easily seen that dnx(u) belongs to the space
& (G, x) corresponding to all polynomial differential operators. Now from the
theorem of Kirillov alluded to above, [5] (and its extension in [2]), we have
that actually an(U(gC)) = (G, x). Let us now set J}(O) to be the set of
elements in U(g.) which are mapped by d m, to differential operators of or-

der at most one, i.e., Jp(0) = {u € U(g) | dn (1) € #'(G,x)} (it is easily
seen that the definition of JF'(O) only depends on F). It then follows from
Kirillov’s theorem that dnx(J}(O)) =& G,y). If we set I1(0) = ker(dn, )
we can factor d , through 7(O) to get an isomorphism
dn,: Jp(0)/1(0) — (G, 1)
Now from the result above the quantization map
8, Pp(0) — ' (G,x)
is also an isomorphism. This means that there is a Lie algebra isomorphism
b .9";(0) — JFI(O) /1(0) which makes the following diagram commutative:
Ph0) = JN0)/1(0)
& N\ / dny
(G, 1)

In §3 we consider the problem of finding an explicit description of &. This
problem has probably no noncomplicated solution for arbitrary polarizations. It
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turns out, however, that if b is the Vergne polarization associated with a given
Jordan-Holder basis in g, then there is a simple explicit description of @ in
terms of the symmetrization map (Theorem 3.1.2). We use this to show how to
construct a representation 7 of G on LZ(Rd/ 2 ) associated with a given orbit
O for which not only d7n is very easily computable in geometric terms, but for
which also a cross-section of the map dzn from U(g.) to the algebra &/ (Rd/ 2)

of all polynomial differential oparators on RY? s very explicitly computable
(Theorem 3.2.1). In §6 we give an example of such computations.

In several previous papers I have made essential use of a stratification, due
to Pukanszky, of the dual of a nilpotent or solvable Lie algebra into finitely
many strata. This stratification depends only on the choice of a Jordan-Holder
sequence ¥ in g. We shall call it the coarse F -stratification of g*. For a
long time I have known that a finer stratification can be useful, e.g., when con-
sidering characters of solvable Lie groups (cf. [8]). Here this finer stratification
is defined in the nilpotent case (§4). We shall call it the fine & -stratification of
g" . Let & denote the index set of this finer stratification, and let Q, denote the
stratum corresponding to ¢ € & . We then have g~ = Ueeg €2 - In §5 we show
that there exists for each ¢ € & rational functions p{, ... ,p; 12 N SN 1
on g° with the following properties: For each orbit O contained in Q, the re-
strictions qlo, ,qdo/2 of gi, ... ,qj/z to O and the restrictions p?, ,p‘?/z
of pf, cees pfi ;2 1o O define polynomial canonical coordinates on O (Theo-
rem 5.1.1). Actually we do more than that: We even give an algorithm for
constructing these rational functions p;, ... ,p; 1 N RN 4 12- This means
that we have in particular an algorithm for explicitly constructing global canon-
ical coordinates on each coadjoint orbit of G. In §6 we give an example of
calculations carried out by means of this algorithm.

In [11] M. Vergne proved that if G is nilpotent, then there exists a Zariski
open, G-invariant subset Q of g* and rational functions DisosBans dys e
4, 2 such that these functions when restricted to any coadjoint orbit O con-
tained in Q define canonical coordinates on O. This result is contained as
a special case (corresponding to generic orbits) in our Theorem 5.1.1. Our
method of proof is entirely different from the one in [11]; in particular we
proceed constructively, without induction on the dimension of the group.

1. PRELIMINARIES

In the following we shall discuss various questions related to the fact that
a connected, simply connected nilpotent Lie group can be considered as R”
equipped with a group product which can be expressed by polynomial functions.
The main result is Proposition 1.7.4. For the convenience of the reader we
repeat certain well-known facts for which there exist only scattered references.

1.1. Polynomial structures. In dealing with nilpotent Lie groups we shall find
the following terminology useful.
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Let M be an m-dimensional smooth manifold with atlas ./, . We say that
a subatlas Mﬂg of &/, defines a polynomial structure on M if (i) all charts in
Mﬁg are defined on all of M and have image R™, and (ii) for any two charts
g, T in Mﬁg we have that got™': R™” = R” and oo ': R” — R™ are both
polynomial maps. So, if M carries a polynomial structure it is in particular
diffeomorphic to R” .

If M and N are smooth manifolds of dimension m and n, respectively,
equipped with polynomial structures Mﬁg and MA? , respectively, we say that a
map f: M — N is polynomial if the map tof oc ":R" S R" isa polynomial
map for one (hence all) chart(s) ¢ € Mﬁg and one (hence all) chart(s) 7 € MA? .
We say that f is a bi-polynomial diffeomorphism if f is a diffeomorphism and
if both f and f ~! are polynomial.

If M and N are smooth manifolds with polynomial structures, then the
smooth manifold M x N carries a natural polynomial structure.

The Euclidian space R™ carries a natural polynomial structure. A bi-poly-
nomial diffecomorphism f: R” — R™ is a diffecomorphism such that both f
and f ~! are polynomial maps. A finite dimensional real vector space V' over
R likewise carries a natural polynomial structure.

Let M be a smooth manifold equipped with a polynomial structure MAS.
A chart ¢ on M is said to be a polynomial chart, if ¢ is a bi-polynomial
diffeomorphism from M onto R”. The space of all polynomial functions
f: M — C is denoted % (M). Any object defined on R™ which is invariant
under bi-polynomial diffeomorphisms can also be defined on M . In particular
we can speak of rapidly decreasing functions (M) on M , tempered distri-
butions .’ (M), smooth functions of polynomial growth &,,(M), polynomial
differential operators .7 (M) (of order at most k, &/ k(M ) ), polynomial vector
fields % (M), polynomial differential forms etc.

1.2. The polynomial structure on a connected, simply connected nilpotent Lie
group. Let G be a connected, simply connected nilpotent Lie group with Lie
algebra g. It is well known that the exponential map exp: g — G is a dif-
feomorphism. We shall equip G with the polynomial structure obtained by
transporting the natural polynomial structure on g to G via the exponential
map.

Let #: X,,...,X,, beabasisin g. We shall say that the basis & is of
subalgebra type if the subspace g, = RX, & ---®RX f is a subalgebra in g for
each j=1,...,m.If Z issuch a basis then actually g,_, is an ideal in 9,
for each j =2, ...,m. Recall that the basis % is said to be a Jordan-Holder

basis if 9; is an ideal in g foreach j=1,... ,m.
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Let #: X,,...,X,, be abasis in g of subalgebra type. It is well-known
that the map R” — G : (X5 ...,X,) > expx, X, ---expx X, isa diffeomor-
phism. We define af to be the inverse of this map, i.e.,

af rexpx, X, --expx, X, = (X,...,X,),
and af is then a chart on G.
Lemma 1.2.1. Write

@) (x5 e x,,) = exp(Q, (X)X, + -+ @, (X)X, ),

ol (exp(u, X, + - +u, X,)) = (P(u), ..., P, (1)),

x=(x,...,x,) €ER", u=(uy,...,u,) € R". If B isa Jordan-Holder

basis then Q,, ...,Q,,, P, ..., P, are polynomial functions and we have

Qj(x) = x_, +éj(xj+l 9 v 9xm)’
P(u)=u;+P(u,,...,u,)
foreach j=1,...,m, where Q Ir P ; are polynomial functions with properties
as indicated (i.e., depending only on the variables Xipps oo s Xy Uppisoee s Uy
respectively).
Proof. The statement about Q,, ...,Q, follows immediately from the Camp-
bell-Baker-Hausdorff formula, and the statement about P ,...,P, is then
clear, cf. [6].
Corollary 1.2.2. If Z is a Jordan-Hélder basis then af is a polynomial chart.

For x,y € R” weset x-y = af((af)_l(x)(af)_'(y)) . In other words,

we identify G with R™ via the chart JGQ , and carry the group product on G
over to R™. With this notation we have

Lemma 1.2.3. If & is a Jordan-Hoélder basis then the function P(x,y)=x-y
is a polynomial function on R™ x R™ , and writing

P(x,y) = (P (x,y),....P,(x,))

we have
Pj(x,y)=Pj(xj,...,xm,yj,...,ym)
=xj+yj+Pj(xj+l,...,xm,yj+l,...,ym),
Jor 1 < j < m, where we have written x = (x,,...,%,), ¥ =, ---»V,)

and where P ; are polynomial functions with properties as indicated.

Proof. This follows immediately from the Campbell-Baker-Hausdorff formula
and Lemma 1.2.1, cf. [6].

The following result will be useful later. Let ¢ be a nonempty subset of
{1,...,m}, and set €' to be the complement of e in {1,...,m}.
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Lemma 1.2.4. There exist unique functions S: R” — R" and K: R" — R”
such that
Sj=0 forjee,
(*) K, =0 forjee,
x =S8(x)-K(x).
These functions are polynomial functions, and

S, (x)=x;+8,(x;,...,x,) forjee,

Kj(x)=x; +K,(x;,» .. »X,) forjee,

where S ; and K ; are polynomial functions with properties as indicated.

Proof. Suppose first that we have found functions satisfying (). We shall prove

by induction on j (starting at m and ending at 1 ) that Sj , Kj ,j=m, ..., 1,
are uniquely determined and that they are polynomial functions with properties
as indicated. We have foreach j=m,...,1

x; = P,(S(x),K(x))
= 5,(x) + K;(x) +Fj(Sj+l(x), s S (%), K (X) s e K (X))
In particular x,, =S, (x) + K, (x). Therefore, if m € e we have S, (x) = x,,
and K, (x) =0;if mee wehave S, (x)=0 and K, (x) = x, . This means
that we can start the induction (at m and descending to 1). Suppose now that
the claim has been proved for all values greater than j. We shall then show
that it is valid also for the value j. If j € e we have K j(x) = 0 and by the
induction hypothesis
S (0) =X, = PyS, (X105 X)) s S,(X,,)
KHl(xj+1 s X))y e s K (X))

which shows that .S ; is uniquely determined and that it is a polynomial func-

tion, since S, ,...,S JNE K, ....,K 41 are uniquely determined and polyno-
mial functions, and that S;(x) = x, + S(x,,,,...,X,,). Similarly for K if
. !
JEe .

The existence of the functions S and K are proved similarly by recursion,
starting with S, , K, and descendingto S, K.

Suppose that &' : X|, ..., X, isanother basis in g and suppose that Xj'. -
Xngj_l for j=1,...,m.
Lemma 1.2.5. Set T = (T, ..., T,): R" = R™ 10 be the polynomial function
UG@I o O’? B .If gy, ...,8,, is a Jordan-Hoélder sequence we have

Tj(x) =X+ Tj(xj+1 e X)) s
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X =(x;,...,x,), where T ; are polynomial functions with properties as indi-
cated.
Proof. This follows immediately from Lemma 1.2.1 and Lemma 1.2.3.

b= af(((af)_l(x))") . With this notation we have

Lemma 1.2.6. If # is a Jordan-Hélder basis then the function I1(x) = x'isa

polynomial function on R™, and writing I(x) = (I,(x), ..., I (x)) we have

For x e R” we set x~

I,(x) = —x; +7j(xj+1 e X)),

where we have written x = (x,, ... ,Xx,,), and where 1 ; are polynomial functions
with properties as indicated.
Proof. This follows immediately from Lemma 1.2.3.

Corollary 1.2.7. The group operations G X G — G: (s,t) — st and G — G :
s— s are polynomial maps.

Suppose that g, is a subalgebra in g of codimension 1, and let X € g\ g, .
Denoting by G|, the analytic subgroup corresponding to g, it is well known
that the map R x G, — G given by (¢,s5) — exptXs is a diffeomorphism.
Actually we have

Lemma 1.2.8. The map
RxG,— G:(t,s) > exptXs
is a bi-polynomial diffeomorphism.

Proof. Let ¢ be some polynomial chart on G and let T be some polyno-
mial chart on G,. We have to show that the map ¢: R” — R” given by

@:(t,x;5...,X%,_,)— o(exp tX‘t_'(xl s+++5X,_;) is a bi-polynomial diffeo-
morphism. Now since we know that actually g, is an ideal in g we can find a
Jordan-Hélder basis & : X, ...,X,, in g such that By X,,...,X,_, isa

Jordan-Holder basis in g, and such that X, = X . Using ¢ = aGg and 7= aé?

we get that (¢, x,...,x, _|)=(x,...,X,_,,t),s0 ¢ is polynomial. This
ends the proof of the lemma.

Lemma 1.2.9. The chart af is a polynomial chart for any basis & of subalgebra
type.

Proof. The proof is by induction on the dimension of G. The case dimG = 1
being trivial, assume the result has been proved for all dimensions less that
m =dimG. Let &: X, ..., X, be the given basis of subalgebra type, and
set go = RX, ®---®RX, _,. Then g, is a subalgebra of codimension 1
in g. Moreover, &,: X, ..., X is a basis in g, of subalgebra type, and

> m—1
X, & g,. It follows from the induction hypothesis that a?; ? is a polynomial
chart on G, = exp g, > and since

B\~ By\—1
(65) (X;5...,x%,)= expmem(aGO") (XX y)

it follows from Lemma 1.2.8 that af’ is a polynomial chart.
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1.3. The polynomial structure on a simply connected homogeneous space of a
nilpotent Lie group. Let G be a connected, simply connected nilpotent Lie
group with Lie algebra g, let b be a subalgebra of g, and let H be the an-
alytic subgroup corresponding to h. We shall equip G/H with a polynomial
structure.

First some notation. Let Y|, ...,Y, beelementsin g. We say that Y|,
Y isabasisin g (modb) if ¥,,...,Y, is a linearly independent set and if
g=RY & -©oRY &h. Wesaythat Y,,...,Y, is a basis in g (modb)

of subalgebra type if each of the subspaces b ;=RY, & ---©RY &} is a
subalgebra in g. If this is so, b is actually an ideal in b i J= 0,1,...,n
(where b, =1h).

Let Y,...,Y, be a basis in g (mod b) of subalgebra type. Then it is
well-known that the map ¢ : G/H — R" given by

Jj=1

o:expt,Y, -expt, Y H—(t,...,1,)

is a diffeomorphism. Suppose now that Z ,...,Z, is another basis in g
(mod b) of subalgebra type, and define analogously the map 7: G/H — R"
by

t.expt,Z, ---expt,Z H—(t,...,t,).
Then we have

Lemma 1.3.1. The maps dot ' :R" - R" and to0”": R" — R" are polyno-

mial.
Proof. Let W, ..., W,  beabasisin h of subalgebra type. Then W, ...,
w._..Y,....,Y, and W,..., W, _ .Z ... ,Z, areboth bases of subalge-

bra type in g, and the result now follows from Lemma 1.2.9.

Lemma 1.3.1 allows us to define a polynomial structure on G/H consisting
of all possible charts ¢ arising as above.

Lemma 1.3.2. A4 function ¢: G/H — C is a polynomial function if and only if
the function ¢ : G — C given by ¢(s) = ¢(sH) is a polynomial function on G .
Proof. Let Y, ...,Y, beabasisin h of subalgebra type, and let Y, Y

w100ty

be a basis in g (mod h) of subalgebra type. Then Y,,...,Y, is a basis in

m
g of subalgebra type. Let & be the chart on G/H associated with the ba-
sis Y,...,Y, ,and let o be the chart on G/H associated with the basis

Y, .....Y, (modh) (sec§l1.3). We then have

m
(t?o&_l(tl ,..ot,) =@(expt, Y, ---exptY))
= g(expt, Y, ---expt, Y H)

= ¢p(expt, Y, ---expt, Y, H)

n+1" n+l

-1
=00a (L sty

This shows that ¢ o &~ is a polynomial function if and only if ¢ o o' isa
polynomial function, and this ends the proof of the lemma.
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1.4. Action of nilpotent Lie groups on a simply connected homogeneous spaces.

Let #:X,,...,X, beaJordan-Hdlder basis in g, let h be a subalgebra of
g, and set H = exph. Define the set e = {1 < j < m | X, €9, + b},
and write e = {j, < --- < j,;}. Then le,...,de is a basis for g (mod b)

of subalgebra type. In fact, set h, = h, and set h, = RX , @ @®RX; @b
for 1 < r <d. Clearly we have g;+bh=n, for j, < Jj < j,,,. But then
[br,br_ll = [er + h’gjr—| +bh] C [9>gj,] +[h,h] C gj,_l +h= ‘7,_1 , and this
shows the claim. It follows that the map a{?} y:G/H— R? given by

g .
O6/m - expthjdo-‘expthle—» (s ty)

is a polynomial chart. We shall call agj y for the Z-chart of G/H.

For x € R™ and u € R® we write x-u = JZH((af)"'(x)(angH)'](u)) . In

other words, we identify G with R” via af and G/H with RY via agiH

and transport the action of G on G/H to a smooth action of R” on R?.
With this notation we have

Lemma 1.4.1. The function Q(x ,u) = x-u is a polynomial function on R" xR?,
and writing Q(x,u) = (Q,(x,u), ...,Q,(x,u)) we have

0,.(x,u) =xj’+u,+Qr(xjr+l, ey X s Uy s Uy)

for 1 <r<d, where we have written x = (x,, ...,x,), u=(u,...,u,), and
where —Q—, are polynomial functions with properties as indicated.

Proof. If j ¢ e there exists X, € h such that X; - X; € g,_, . Using Lemma
1.2.5 we see that it is no loss of generality to assume that X ;€D forall j&e.
For u € R? we then set y,=1u, forr=1,...,d and ¥ =0 for j &€ e, and we
set z = x-y. Then with the notation from Lemma 1.2.4 we have that (x-u), =
Sjr(z) , e, Q. (x,u) = Sj'(z) =X, +y; +Sj,(xj,+l EEREE NS TR V) =

x; +u, +_Q—r(xjr+l sevesXpsUy, s ... Uy). This ends the proof of the lemma.

Corollary 1.4.2. The map (s,a) — sa: Gx G/H — G/H is a polynomial map.

1.5. Polynomial vector fields on simply connected homogeneous spaces of nilpotent
Lie groups. Let h be a subalgebra in g, and set H = exph. For X € g we
define the vector field X on G/H as follows:

Xf(a)= %f(exp -vXa)| ,

v=0

acG/H, fe€&(G/H). It follows from Corollary 1.4.2 that X is a polyno-
mial vector field on G/H .

Let now #: X, ..., X, be aJordan-Holder basis in g, set e = {1 < j <
m|X;¢&g;_,+b},and write e ={k, <--- <k,,}.
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Lemma 1.5.1. The space of polynomial vector fields % (G/H) on G/H is a free
P(G/H)-module with basis X, , ..., X

> Tkap

Proof. We consider the % -chart angH of G/H given by
z
06" exptd/szd/2 ~~~expt1Xkl = (t, ... ,td/z),

see §1.4. Using this chart we identify G/H with R?? and we can think of X i
as polynomial vector fields on RY/? . Similarly we identify G with R™ via the
F-chart af , see §1.1. Let us then compute f(x , 1 <s<d/2. By Lemma
1.4.1 the action of G = R™ on G/H = R*? is given by x -u = Q(x,u),
x €R™, ueRY? where Q = (Q,,---,Qy,) is a polynomial function such

that Q,(x,u) =X, +u, +Q,(Xp 1 --e s Xy Uy s - s Uyy) . Setting

d
a,(u)= d—st(exp—vXk’ “u)|,_o

d/2

for 1<r,s<d/2, ue R, we get, using the chain rule:

X'k’f(u) = a%f(exp—vXk’ -u)

v=0
)2

_N9f
_§8u5

- L 10w v, u) (W)a,,(u).

v=0
Now

u, fors>r,

Q,(exp—vX, ,u) =3 U —v+Qexp—vX, u,,,...,u,) forr=s,

u,+ Q(exp-vX, ,u ,u,) forr<s.

PSR

This implies that

0 fors>r,
a (u)y=¢ -1 fors=r,
a, (U, ,...,u,) fors<r

It follows that the martix A(u) = [a,],., <4 1 is a lower triangular matrix
with polynomial entries and with —1 in the diagonal. But then also the inverse
matrix B(u) = A(u)_l is of the same kind. Now writing B(u) = [brsllgr,ssd/z

we have
P dj2
5 = Y ob WX,
r s=1
It follows that Xk| y e ’Xkd/z generates Z (G/H) as a &(G/H)-module. That

X

ke ,X’,\_d/z is actually a basis for Z(G/H) follows immediately from the

fact that the matrix A(u) is regular. This ends the proof of the lemma.
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For s € G define the endomorphism yG/H(s) of &(G/H) by yG/H(s)f(a) =
f (s_'a) ,a€G/H. Then s — y; y y(8) is a differentiable representation of G.

For X € g and f € &(G/H) we have dy;,,(X)f = Xf. Let I denote the
identity operator.

Lemma 1.5.2. The space &' (G/H) is a free P(G/H)-module with basis I,
dyG/H(Xk,) > een ’dyG/H(Xkd,z)'

Proof. Let De &/ ! (G/H). Since there exists a bi-polynomial diffeomorphism
from G/H to R’ , D can be written uniquely as Df = &(f) + ¢,f, where
¢ is a polynomial vector field on G/H and ¢, € #(G/H). The lemma now
follows from Lemma 1.5.1.

1.6. The polynomial structure on coadjoint orbits of nilpotent Lie groups. Let G,
g be as before, and let O = Gg be the coadjoint orbit through g € g*. The
orbit O is equipped with the smooth structure it gets from the identification
G/G . = O. We also carry over the polynomial structure already defined on
G/G g 10 0. Itis easily seen that this definition of a polynomial structure on
O is independent of the choice of g € O (Corollary 1.4.2).

Given a Jordan-Holder basis % : X,, ..., X, in g there exist indices j, <
-+ < j, (the “jump indices”of O relative to %) and polynomial functions
R,,...,R,, inthe variables (yjl Y s ,yjd) such that Rju(y) =Y 1<u<d,
and such that O can be described as follows

m
d
0= {1=Zle(yjl,... YW p,) ER } ,
Jj=

where /,...,1 is the basis in g° dual to X ,...,X . The set of jump
indices J, associated with g € g* can be found as
Jg={l SjSm|9j¢9j_l+Bg},

cf. §4.2. Define the map ao‘g :0—RY by

m
#
o, :I=ZRj(yjl, ,yjd)lj—>(yj], ,yjd)=((l,le),... ,(l,de)).

=1

Lemma 1.6.1. The map af is a polynomial chart on O.

Proof. Let g € O. It follows from [10, p. 265] that there exists a basis
Y,,....,Y, of g (modg g) of subalgebra type such that if we write

m
expt,Y,---expt,Y,g = ZQj(t)lj ,
j=1

where ¢ = (¢, ... ,t,), then the functions Q j(t) are polynomial functions with
the following properties: For j < j <, , we have

0,(0=0,(t,,...,1,,0,...,0)
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and

Qj,(t) =t,+Qj,(tl,... l_150,...,0).
Let now o be the polynomial chart associated with Y,,...,Y,. For [ € O,
write a(/)=1t=(¢,...,t;) and aé@(l) =y=,,.--,y,) - Then

=1 +le(0, ...,0)
Y =0,+@Q,(,0,...,0)
y3=1+@Q,(t,1,,0,...,0)

Vg=1l;+ de(tl, ceestyy50).
From this it follows immediately that ao‘g” is a polynomial chart.

Corollary 1.6.2. A function f: O — C is polynomial if and only if it is the
restriction to O of a polynomial function on g* .

Proof. If 9 € #(0), then f =g¢o (crg‘?)_l is a polynomial function on Rd,

and ¢ is the restriction to O of the function / — f((l,le) e (l,de)) on
g . If 9 € P(g") we can write ¢ = f((X,,]),...,(X,,])), where f isa

polynomial function on R” . But then ¢ o (of)"(y) =f(R,(¥), ..., R, ().
Since R, ...,R, are polynomial functions it follows that the restriction of ¢
to O is a polynomial function.

1.7. Rapidly decreasing sections and polynomial coefficient differential operators
in homogeneous line bundles of nilpotent Lie groups. Let h be a subalgebra of
g,andlet H =exph. Let Y,...,Y, be abasis of g (mod h) of subalgebra
type, and let o : G/H — R" given by

o:expt, Y, ---expt, Y H — (5.5t

be the corresponding chart on G/H . We define ¢ : G — G/H to be the quotient
map and « : G/H — G to be the map

K: exptnYn~--exptlYlH—»expt"YnmexptlYl.

In this way x is a cross-section for ¢: cok =id; IH - We also define the map
6:R"— G by
0:(,...,t,) —expt,Y, ---expt Y.

The maps ¢,k and @ are polynomial maps, and we have

Qoo =k.

Define the map a : G — H by s = k(c(s))a(s) forall s € G, ie., a(s) =
(x(c(s)))_'s. Then a is a polynomial map, and a(sh) = a(s)h forall s€ G,
h € H. We also define the map 4 : G — h by A(s) = log(a(s)). Clearly A is
also a polynomial map.
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Suppose now that y : H — T is a unitary character, and let g € g° be such
that y(exp X) = e“& %) forall X e h. In [9] we have defined &(G,x) to be
the set of all smooth functions f on G such that f(sh) = )((h)_l f(s) for all
s€ G, h € H. We define a linear bijection V : &(G,x) — &(R") by

VN =106@), [fe&G,x),teR".
The inverse of V is given by

Vv 'h(s) = 4"V h(a(c(s)), he&®"),seG.

Denote by #(R") the space of rapidly decreasing functions on R”" (the
Schwartz functions) and let &/ k(R") denote the space of differential operators
on R” of order at most k and having polynomial coefficients, and set & (R") =
U2, “(R") (the Weyl algebra).

Definition 1.7.1. We define ¥ (G, x) to be the inverse image by V of #R"),
and we define 7 (G,x) (#*(G,x)) to be the transport of & (R") (Z*R"),
k=0,1,...) by V7",

Lemma 1.7.2. The definition of #(G,x) and & k(G, Xx) is independent of the
choice of basis of g (modb) of subalgebra type.

Proof. Suppose that Y,,...,Y, is another basis of g (mod h) of subalgebra
type. The objects defined relative to this basis are all marked with a prime.
We define the linear bijection W: &(R") —» &(R") by W = V'V™'. We have
to show that W maps .(R") onto .’(R"), and that W transports & *(R")
onto & “(R"). We calculate W':

Wh)t) =e €Ny o671y, he&®"), teR"

Set p = 0o ¢'"!, and set S(t) = —(g,A4(6'(t))), t € R". Then ¢ is a bi-
polynomial diffeomorphism,and S is a real-valued polynomial map, and we
have with this notation:

(Wh)(t) =" n(p(r)), he&®R"), teR".
Similarly, if we define ¥ = ¢~ ' =d’00™", and T(r) = —(g, A'(6(¢))) we have
W'y = hy@), he&R"), teR".

If p is a polynomial function on R" we let Mp denote the multiplication
operator on & (R") defined by p. One easily calculates
-1
WMW ™ =M,
Moreover, if Dj denotes the differential operator 8 /6tj for 1 < j<n, one
easily calculates that

n
-1
WD W™ = kZMM/aWDk +M
=1

aT/dtjop"
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From this we see immediately that W transports kth order differential oper-
ators with polynomial coefficients on R” onto itself, and from this it follows
that W carries ¥ (R") onto itself. This ends the proof of the lemma.

For s € G we define the endomorphism yl(s) of &(G,x) by yx(s)f(t) =
f (s_'t) ,te€G. The map s — Yy (s) is a differentiable representation of G.

Lemma 1.7.3. We have that dyx(X) G.,Q/I(G,X) foreach X €g.

Proof. We define a linear isomorphism T: &(G, x) — &(G/H) as follows:
(Tf)a) = f(k(a)), [€&(G,x), aeG/H.

The inverse is given by
(T™'h)(s) = e DN p(e(s)),  he&G/H).

Clearly T is a linear isomorphism. When we transport &/ l(G, x) to &(G/H)

by T we get & '(G/H) by Definition 1.7.1. We then calculate Tdy, (X)T~".
We get for he &(G/H), x€ G/H,

Tdy,(X)T™'h(x) = dy,(X)T " h(x(x)) = (%)T_lh(exp —vXk(x)))

v=0
_ D ileden o XK oy ey
dv v=0
d _itg, A(exp—vX
= —e e AP =X p(x) + dygp(X)A(x).
v=0
Therefore, if we set
d —i(g ,A(exp —vXk(x))) . d
ay(a)= e ' = —i (g, A(exp —vXk(x)))
X dv =0 dv v=0

we have that o, € #(G/H), and

Tdy,(X)T™'h=dyg,,(X)h+ayh
for h € &(G/H). This proves the lemma, since a’yG/H(X) € M‘(G/H) , see
§1.5.

Proposition 1.7.4. The space & '(G,x) is a free P(G/H)-module with basis
I,dYX(XkX) > e ’dyX(Xkd/Z) .

Proof. The lemma says that each element D € &/ : (G, x) can be written unique-
ly

d/2
D=> 9¢,dy, (X, )+,
u=1
where ¢.,9,, ... 194/, are in #(G/H). Transforming this relation by the
operator 7 from the previous lemma we get
dj2
TDT ™' =3 0,dvgu(X,,) + 0o,
u=1
where (pg = }:‘ifl P0x 9. The result now follows from Lemma 1.5.2.
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1.8. Realizing representations. Let g € g* and let h be a real polarization at g .
Set H ==exph, and let y be the unitary character of H given by y(exp X) =
& X , X € . The representation n,= indHT X of G is the irreducible
representation associated with the orbit O = Gg . The representation space of
m, is LZ(G,x). Letnow X, ... ,Xd/2 be a basis for g (mod h) of subalgebra
type. Using the notation from the previous section we can define a unitary map
v:L? (G,x)— L’ (Rd/ 2 ) using the same formula for V' as before. Let us then

define the representation n; of G on LZ(Rd/ 2) by
v -1
T (s) = an(s)V .

Let b: G x R¥? — H be the polynomial function defined by b(s,t) =
a(s'0(1)), s€G, te R?/? | and define the polynomial function B : GxR?
h by expB(s,t) = b(s,t), s€ G, t € RY?. Further, define a polynomial
action of G in R*? by transport of structure (i.e., st = a(sa_'(t)) ). The

. vV . .
representation 7, is equivalent to T and we have

1

7, ($)h(2) = x(b(s, 1) " h(s™'t) = e EECN (5Tl

he L*(R7?), seG,teRY?,

2. ORBITS, POISSON STRUCTURE AND QUANTIZATION
OF NILPOTENT LIE GROUPS

In a recent paper [9] I have obtained certain results about the canonical
symplectic structure of connected Lie groups, and in particular of exponential
solvable Lie groups. In this section we shall briefly specialize to the nilpotent
case, where we obtain more detailed results.

Let G be a connected, simply connected nilpotent Lie group with Lie algebra
g, and let O be a coadjoint orbit of G .

2.1. Polynomial functions and Poisson bracket. First we consider how polyno-
mial functions on O behave under Poisson bracket.
We select a Jordan-Hoélder sequence

& :9=89,28,_,2 D8 Dg,=1{0}
and a compatible Jordan-Hélder basis %': X, ... s X,y 160 X ;€8 \ 81>
j=1,...,m.
We set
e={1 SjSm|Xj¢§j_1+Bg}

for some fixed element g € O, and write e = {j, <--- < j,}, where d is the
dimension of the orbit. Let af be the Z-chart of O, i.e., the chart defined
by o, (I) = ((I,X;),....{,X,)), see §1.6. We then know that the func-

. X; B\—1
tions R, = y"/ o (g}, )

are polynomial functions on R? with R L) =y,




526 N. V. PEDERSEN

r=1,...,d, where y = (y,,...,y,;). Writing aog =0 = (¥,
we have that the matrix M_(/) = [{y,,y,}()] is equal to the matrix
M, () = [(,1X, X0 .
ture constants of g associated with the basis % , i.e., [X,, X 1= Z,'(":l €k Xy -
The entries of the matrix M_(/) have the form ZZ; 1 Cjujok p (I), and there-

1<u,v<d

[9, Lemma 1.1.8]. Let now ¢, be the struc-
<d Y

fore the entries a,, (y) of the matrix M a(a_l (y)) are of the form

m

4,0 = ¢, R
k=1

in particular these entries are polynomial functions. We can now write down
the Hamiltonian vector fields and the Poisson bracket in these coordinates:

d d
op 0
=2 (Za““ﬁ> oy,

u=1l \v=lI

d

¢ oy
v.wy=3 %5y By,
u v

u,v=I1

for ¢,y € &(0). From these remarks we derive the following lemma:

Lemma 2.1.1. For each ¢ € P(0) the vector field & o IS polynomial. Moreover,
the space P(0) is closed under Poisson bracket.

Let us also note that with the notation from [9, §1.1] we have that the matrix
Q () = [w,((a/ayu), , (6/8yﬂ)l)]lSude is equal to —M;l(l). Since the
determinant Q, (/) of M,(/) is constant on the orbit, [7, Lemma I.1.1, p.

427] (see also §4.2), we see that also Qa(a_l(y)) has polynomial entries. We
therefore get

Lemma 2.1.2. The canonical symplectic structure ,, is a polynomial 2-form.

2.2. Polynomial quantizable functions. Next we shall consider the structure of
the space of polynomial quantizable functions associated with a given real po-
larization. The main result is Proposition 2.2.9.

Let g € O and let h be a real polarization at g. This means that b is a
subalgebra of g and that b is maximal isotropic with respect to Bg. Let H
be the analytic subgroup of G corresponding to b. 1

For | = sg € O we set h, = Ad(s)h and H, = sHs . Further, we let

o,: g/g; — T,(0) denote the canonical vector space isomorphism and we set
F) to be the image of b,/g, by a,. We have F, = ag(b/gg) , and denoting by
7(s): O — O the map y(s): [ — s/ we have y(s), F,=F,. Themap F:/— F,
is a G-invariant real polarization of the symplectic manifold (O, w) (cf. [9]).

The group H defines a fibration of the orbit O ~ G/G A with base G/H
and with the projection given by n: [/ = sg — sH . The fiber through / = sg
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is Z()={shg|he H =1+ I‘),l , since b satisfies the Pukanszky condition
[10]. The vertical subspace through /€ O is F,.

Let 77°(0) denote the set of all smooth complex vector fields on O. In [9]
we have defined certain Lie subalgebras %0(0) and %.1 (0) of 7' (0), and we
have defined certain Lie subalgebras glf (0) and gFl(O) of £(0) (equipped
with Poisson bracket). We set Z2(0) = £2(0)NP(0) and £L(0) = £(0)n
P(0).

It follows from [9] that the map from & (G/H) to g}? (O) givenby ¢ — gpon
is a linear bijection. Considering polynomial functions we have

Lemma 2.2.1. The map ¢ — ¢ on maps P(G/H) onto 9’1?(0).
Proof. This follows from Lemma 1.3.2.
We now set
€= {l <Jj< mIXj ¢9j_1 +b},
and write e = {k; <--- < kd/2}~
Lemma 2.2.2. For any | € O we have that
€= {1 <Jj< leJ ggj_l +bg}'
Proof. Clearly e = {1 <j < mlAd(s)Xj & g+ h,}, where | = sg. But since
Ad(s)X; = X; (mod g j_l) the lemma is proved.
Using the notation from [9, §1.2], we get from Lemma 2.2.2 that O, = O.
Lemma 2.2.3. Let | € O. Any element X € g can be written uniquely
d/2
X =) ay (X, +X(),

u=1

where X(I)€b, and ay (I)€R, u=1,...,d/2. The functions | — ay,(D):
O—-Rand I - X(I): O — g are polynomial functions. Moreover, ay, €
PAO) forall X €g, u=1,...,d/2, and X(hl) = X(I) forall I € O,
heH,.

Proof. This is the analogue of Lemma 1.2.3 in [9]. All we have to prove is that
ay, are polynomial functions. To this end we pick g € O, and select a basis
Y,,... Y, of b (mod 9, ). We then have with | =sg: B,(Ad(s)Y,,X) =
vz B,(Ad(s)Yu,Xku)aX (1. Defining B(s) to be the d/2 x d/2-matrix

B(s) = [B,(Ad(5)Y, Xku)]lgu,vsd/Z

= [B,(Y,,Ad(s™'
C(s) to be the d/2 x 1-matrix
C(s) = [B,(Ad(s5)Y,, X)]
[ (Y,,Ad(s

)ka )] 1<u,v<d/2’
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and A(/) to be the d/2 x 1-matrix
A(l) = [ax,u(l)]15v5d/2

we have that B(s) is regular, and C(s) = B(s)A(/), hence A(/) = B(s)—lC(s) .
Now clearly the matrix functions s — A(s) and s — B(s) have polynomial
entries. It therefore suffices to prove that the function s — detB(s) is constant
on G. To this end we note that we can write Ad(s™' )Xy, = Zi/ =21 Lo Xi, T W, s
where W, € b, and where ¢, =1 while 7, =0 for w > v . This means that
B(s) = B(e;)T, where e is the neutral element in G, and where T is the
matrix [z, ] . w<aj2» and clearly detT = 1. But this shows that detB(s) =

detB(e,;), and this ends the proof of the lemma.

Recall that n: O — G/H isthe map n:/ =sg — sH. The map 7 is a
polynomial map (cf. Lemma 2.2.1).

Lemma 2.2.4. For any X € g we can write I/IX uniquely as
/2 B
X
— ZaX,uW “t+ay g,
u=1
0
where Ay 038y 1558y 42 € Pr(0).
Proof. The uniqueness follows from [9, Lemma 1.2.3]. To prove the existence
we use Lemma 2.2.3 to write

dj2
X=>ay (X, +X(\

u=1

for each / € O, where X (/) € b, . Setting ay (/) = (/, X(/)) we have

2
X X,
v = E :ax,u'/’ ftay
u=1

Since already Ay 1558y 40 € 9?’18(0) , we only need to prove that a, 0 €
Q’FO(O). But clearly ay , is a polynomial function, since / — X (/) is a
polynomial map. For h € H, we have ay ((hl) = (hl,X(hl)) = (hl,X(I))
= (l,Ad(h_')X(l)) =(I,X()) = ay ,(l), since b, i1sa polarization at /. This
ends the proof of the lemma.

Lemma 2.2.5. For each X € g we can write l//X uniquely as

d/2
y/X = be,u onl//X"“ +bx,0°7[’

u=1

where b b

by 4 € P(G/H).

X,0°7X,1° "
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Proof. We have from Lemma 2.2.1 that the map ¢ — gon : #(G/H) — 97’}9(0)
is a bijection, and the result therefore follows from the previous lemma.

Lemma 2.2.6. The map ®:0 — RY? x G/H given by
o: /- ((l,in), ,(l,Xkd/z),n(l))

is a bi-polynomial diffeomorphism.

Proof. It follows from [9, Lemma 1.2.4] that ® is a diffeomorphism onto
RY?x G/H, and clearly @ is a polynomial map. We just have to prove that the
inverse of @ is polynomial. To do this, let 7: G — R bea polynomial chart
on G/H, and define the polynomial chart 7 : RY? x G/H — RY? x RY? = R?
by #=idx 1. We have to prove that ® 'o% ' : R‘>0isa polynomial map,
and for this it suffices to prove that the map (v,w) — (X ,d)'l o f"l(v ,W)) <
R - R is polynomial for each X € g. For (v,w) € RY? x R? , set
I=0""'ot" (v, w). Then ({I,X,), ... AL Xy, ) (D) = @) = T w,w) =

(v,r_l(w)). It follows that v, = (/, X, ) for 1 <u < d/2, and that =n(/) =
t_'(w) . With the notation from Lemma 2.2.5 we then get that

d)2
(X, ot (v, w)) = (1,X) =Y by (t7 (W), + by o(r” (w)).
u=1
Since the functions b, uo U= 0,1,...,d/2, are polynomial we have proved
the lemma.
Let 7 be a polynomial chart on G/H and write 7 = (X5 een ,xd/z) . De-

fine now the functions y,,...,y, on O by y, (/) = (I,Xk“) and yd/2+u(l) =
x,(n(])), and define the map 0: 0 —» R’ by 0= (y,,...,y,).
Lemma 2.2.7. o defines a polynqmial chart on O.

Proof. Since a(l) = (L, Xg)s - ’<I’Xk,,/2)’xl(n(l))’ ,xd/z(n(l))) , this is
immediate from the previous lemma.

Lemma 2.2.8. We have
FR(0) = {p € P(0) | 89/0y, =0, 1 <u<d/2},
Pp(0) = {p € 2(0) | 8°p/0y 8y, =0, 1 <u,v <d/2}.
Proof. This follows from Lemma 2.2.7 and [9, Lemma 1.2.8].

Propeosition 2.2.9. The space 9’}(0) is a free 9’}) (0)-module with basis 1, y™ |
X
Loy

Proof. This follows immediately from Lemma 2.2.8, cf. [9, Lemma 1.2.9]. This
ends the proof of the lemma.
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Lemma 2.2.10. For each | € O we have
F={¢,),|pcZ(0)}.

Proof. If ¢ € 37’0(0) we have that (éw) € F, by the definition of 97’18(0) . Now

it follows from [9, Lemma 1.2.6] that the tangent vectors (éyd i &)

span F,, and since y, belongs to 97’1,(0) for d/2 < u < d we have proved the
lemma.

Proposition 2.2.11. We have
7,(0)={£€7(0)| :(9?"’ =0},
7;(0)={£€7(0) | &2, c%( )}
Proof. This is proved just like Proposition 1.2.16 in [9], using Lemma 2.2.10.
Proposition 2.2.12. We have
&0)={p€&(0) | {p, 2 (0)} =0},
%F(m ={p€&(0)|{p.FL(0)} C & (0)}.
Proof. This follows immediately from Proposition 2.2.11.

Proposition 2.2.13. The space 9?’;3 (O) is a maximal commutative subalgebra of
P(0), and 5";(0) is the normalizer of 9”&0) in 2(0).
Proof. This follows immediately from Proposition 2.2.12.
2.3. Polynomial quantized operators. Let now y : H — T be the continuous
homomorphism with y(exp X) = e“& %) for X € h. We know that the space
@'(G , X) 1n a natural way is an é’FO (O)-module. It follows from Lemma 2.2.1

that similarly we can consider &/ "(G,x) asa 97’2 (O)-module. With this termi-
nology we get from Proposition 1.7.4:

Proposition 2.3.1. The space &/ l(G, Xx) is a free 331? (0)-module with basis 1,
dy (X )s-sdr (X, )

2.4. Quantlzatlon and nilpotent groups. We now consider the quantization map
(5 é" (0) — Z' (G, x). As shown in [9], 5 is a Lie algebra isomorphism. It
follows from Proposmon 1.7.4 and Proposmon 2.2.9 that the map ¢ — 5 (p)

carries Q"F(O) into &/ (G, x), and, in fact, also onto ! (G, x). We thus have
Theorem 2.4.1. The map

8,: P(0) - (G, 1)
is a (Lie-algebra) isomorphism.

2.5. Unitary representations. We now consider the connection with unitary rep-
resentations. Let u be an invariant measure on G/H and let 7, be the

representation ind,,;x of G on Lfl(G ,X). The representation 7, is in




GEOMETRIC QUANTIZATION 531

the equivalence class of irreducible representations associated with the orbit
O. Associated with u there is defined an involution ' on é’Fl(O) such that

61((/)”) = éx(q))' , where JX(¢)* is the formal adjoint of 61((/)) considered as an
operator on Z(G,x) C Li(G,x) [9, §3].

Lemma 2.5.1. .9",[(0) is invariant under the involution * .

Proof. Since u is invariant it follows that the function w, from [9, §3.1] is
equal to 0. Therefore we get from [9, Lemma 3.1.7] that l(qu//x) = {«//X ,0} €
.9‘7’18(0) for ¢ € 9})(0), X €g. Since A(p) =0 for ¢ € .97’1?(0) we get from
Proposition 2.2.9 that if ¢ € 9’}(0) , then A(p) € .9”12(0) . This proves the
lemma, since ¢* = —F + iA(@) for ¢ € & (0) [9, §3.1].

In [9, §3.1] we have also defined a map €, " g;(O) — %’l(G,x). Using the
previous lemma we get from [9, Theorem 3.1.13]:

Theorem 2.5.2. The map €, : 9"}(0) ! (G, x) is a Lie algebra isomorphism,
and

e,(9) = —¢,(9)
forall g9 € 93’}(0) , and
e, (W) f =dn(X)f
forall fe2(G,x), Xeg.

2.6. Global canonical coordinates. We can now prove

Theorem 2.6.1. There exists functions q,,...,q, 1€ 5",9 (0), and functions

Pyse-sPyp € 9’;(0) such that (pl,...,pd/z,ql,...,qd/z) is a set of canonical
coordinates on O. Moreover, any such choice of canonical coordinates defines a
polynomial chart on O.

Proof. Since &/ l(G, x) and ¥ '(Rd/ 2 ) are isomorphic as Lie algebras, there
exist skewadjoint elements D,, ... D, 1 in & l(G, x) and selfadjoint elements
M,,...,M,, in #°G,x) such that [D,,D)] = 0, [M,,M,] = 0 and
[D,,M,]=1id,,, 1 <u,v<d/2. From Theorem 2.5.2 we get that there exist
real functions p,,...,p, 2 in 9’;(0) such that ¢ (p,) = D, and real functions
dp>---14,, in FR(O) such that ¢,(q,) = iM,, 1 < u < d/2. We can then
show that the set (p,,...,p, /204154y /2) defines canonical coordinates just
like in [9, proof of Theorem 2.2.1].

Let us then show that any such choice ¢ = (pl,...,pd/z,ql,...,qd/z) of
canonical coordinates defines a polynomial chart. Set U = ¢(0) (U will be
shown to be equal to R? in the following). We have to prove that the map
¢ U—0isa polynomial map. To do this, it suffices to show that the map
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(v,w)— (X,o '(v,w)): U= R is a polynomial map. We write

d/2
X
wh =Y ay (@)p, +ay (@)

u=1

Here ay j,ay |, ...,ay dj2 are polynomial functions, since a, u = {://X 24,
(Lemma 2.1.1). Now if / = ¢~ '(v,w), then p (/) =v, and g,(/) = w,, and

it follows that

u’

)
X,0 '(w,w)) = (X,])= Zax’u(v)wu +ay o(v).
u=1

This shows that the map (v,w) — (X, a_l(v ,w)) is a polynomial function,
and this ends the proof of the theorem.

Remark 2.6.2. Although it is known that there exists global canonical coordinates
on O ([1], ¢f [9]) the result in the previous theorem is considerably stronger.
What we have shown here is that for any choice of a real polarization there exists
polynomial global canonical coordinates compatible with this polarization.

2.7. Construction of unitary representations using global canonical coordinates.
Let p,...,p, 7209044 be global canonical coordinates on O such that
dp>--544) € 97’;)(0) , and Dy sPyp € @;(0). Such coordinates exists by
Theorem 2.6.1, and, moreover, they define a polynomial chart on O.

We define the function 7: G/H — R%? by 7(sH) = (q,(sg), ... ,qd/z(sg)) .
Clearly 7 is well defined since ¢,,...,q, 2 belong to .951(,3(0) ,and 7 is a global

chart [9, Lemma 3.2.1] whose image is RY% . It is easily seen that the quasi-
invariant measure u defined by 7 [9, §3.2] is in fact invariant.

Lemma 2.7.1. The polynomial quantizable functions 32’;(0) are the functions ¢
of the form
dj2

0=> a,(qp,+a,q),
u=1

d/2
where ay,a,, ... 28472 e PRV

Proof. This is clear, since (p,,... P4y ,qd/z) is a polynomial chart.

It follows from Lemma 2.7.1 that we in particular can write
B d/2
w' =Y ay (@), +ay o(a)

u=1

for each X € g, where aX’ueg’(Rd/z), u=0,1,...,d/2.
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From [9, Theorem 3.2.3] we can then derive

Theorem 2.7.2. There exists one and only one strongly continuous, unitary rep-
resentation m© of G on LZ(R‘” 2) such that & (Rd/ 2) C H:° , and such that

dj2 42 5
dn(X)f(0) = 3 ay, (02X () + iay o(01(0) + 5 3 2(0) (0
u=1 u u=1 u

for feD (Rd/ 2), X € g. The representation m is equivalent to My ie,itisin
the equivalence class of irreducible representations associated with the orbit O .

3. QUANTIZATION AND THE UNIVERSAL ENVELOPING ALGEBRA

In the following we shall consider the set of elements in the universal en-
veloping algebra which are mapped into the set of quantized operators by a
given representation.

3.1. The map ®. Let G be a connected and simply connected nilpotent Lie
group with Lie algbra g. Let g € g*, and let § be a real polarization at g. Let
x: H =exph — T be the unitary character with y(exp X) = (&) , X €bh,
and set M, = indy,;x . Then m, is the irreducible representation associated
with the orbit O = Gg. We have with the notation from §1.7:

Theorem 3.1.1 (Kirillov). The differentiable vectors for m, are precisely
(G, x), and the image of U(gc) by dm, is (G, x).

This result is due to Kirillov [5]. More specifically he showed that there
exists for each g € g* a polarization h at g such that the result holds. It was
observed in [2] that it is actually true for any real polarization § at g.

We set

I(0) = ker(dnx)
which is a selfadjoint primitive ideal in U(g.) ([4]). The ideal I(O) is equal
to the annahilator of the left U(g.)-module U(g.) B (o) C [4]. In [7] ] have
given an explicit formula for 7(0). In the following we shall develop further the

ideas put forward in [7]. Let F be the G-invariant polarization of O defined
by b, cf. [9], and set

Jp(0) = {ue Ulge) | dn (u) € #°(G, 1)}

and
1

Jr(0) = {ue Ulg) | dm,(u) e % '(G, 1)}
(It is easily seen that the definition of Jg(O) and JFI(O) depends only on F.)

In other words, J,?(O) (J}(O)) is the set of elements in U(g.) which are
mapped by dnl to multiplication operators (differential operators of order at
most one). Obviously we have

1(0) c J2(0) c JN0),
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and by Kirillov’s theorem we have
0
dn,(J3(0) =2°(G )
and | |
dn, (Jp(0) = (G, x).
Factoring dnx through 7(0O) we get a Lie algebra isomorphism d;tX:

71(0)/1(0) 222 1(G, y)

such that )
dny
JR(0)/1(0) = 57°(G, ),
Now the quantization map
1
8, Px(0)— (G, x)
is also a Lie algebra isomorphism (Theorem 2.4.1). This means that there is a

Lie algebra isomorphism & : 93;( ) — J, F'(O) /1(0) which makes the following
diagram commutative:

d
Pp(0) = Jp(0)/1(0)
JX AN N dnx
#1(G, %)

The goal of the following is to give an explicit description of ® in the case
where b is a Vergne polarization. Specifically, we shall construct for a given
Jordan-Holder basis &#': X, ..., X, and associated Vergne polarization b
an explicit map ® = Qf: 5";(0) — JF'(O) , F being the polarization of O
associated with b, such that ® composed with the quotient map JFI(O) —
JL(0)/1(0) is the map ®.

Let & :X,,...,X,, beaJordan-Holder basis in g, and set

g; =span(X,, ..., X)), 1<j<m.
Then
F:8=8,28,_,2 28, Dg,=1{0}
is a Jordan-Holder sequence in g. Let g € g* and set g = g|gj for each
1 < j < m. The linear subspace
m
h(e:F) =2 (8,

J=1

is then a polarization at g € g, the so-called Vergne polarization at g € g
associated with % [3]. We shall call the associated polarization of O for
F(O,%),cf. [9]. Weset H(g,%)=exph(g,¥).

Let 0 = 05@: O — R? be the P-chart of O, see §1.6. For each ¢ €
Z(0) the function ¢ o o~ is a polynomial in Cly,,...,y;]. The element
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poo ' (—iX ji» > —1X; ) is then well defined in S(gc), the symmetric algebra
of g.. For ¢ eﬁg(oy)(O) we set

Z . -1, . .
O(p) = By (p) = iw(p oo (=iX,, ..., —iX,)),
where @ : S(gc) — U(gc) is the symmetrization map. If d = dimO =0 we
set ®(¢) = ip(0)1, where 1 is the unit in U(g.).

Theorem 3.1.2. For ¢ € .9?’,?(03)(0) we have dnx(d)(q;)) =d,(p).

It follows from the theorem that the value of & on ¢ € 3",?(0 3)(0) is the
canonical image of ®(p) in J2(0)/1(0).

Proof of theorem. The proof is by induction on the dimension of g. If dimg =
1 the result is true by definition. Suppose then that the result has been proved
for all dimensions less than m, and that dimg = m. Let 3 be the center of
g, and set 3, = ker g|3. Suppose first that we are in

Case (a): dimg, > 0. Set g = g/3,, and let ¢ : g — § be the quotient map.
We let also ¢ denote the quotient map c: G — G = G/Z,, where Z, = expj, .

Let & be the element in §* such that goc=g

We now define a Jordan-Holder sequencein §. Weset I={1<j<m|g ! Z
8j_1 +3),and write I ={i, <---<i} and §, =(g;, +39)/3p, r=1,...,n
Then

F:8=§,28,.,0 28, 2§ =1{0}
is a Jordan-Holder sequence in §, and setting )~(r = ¢(X;) we have that
#:X,,...,X, is a Jordan-Holder basis in § compatible with # . We note
that 3, C 9> and that 8; = gg/go.

For 1 < j < m we define the subalgebra gg of g by g§ =g, +3, and we
set g} = g|g§.. It is then immediate that (gg.) g = (9;) g T Suppose now
that i < j<i,,,
9; Cg, +3p,and therefore that g i +39 C 8; +3, 80 g‘}, = g”j . We next note that
since 3, C g, C h(g,F) we have that b(g,F) = (8,5 ) +3, = L}.,(g)),, +
b0 = Ljni((8))g, +30) = Z7Li(8))gs = X7,(a}), - Foreach 1 <r<n
we have that c(gf.) =g,,and g o (clgf.) = g’.‘ Since 3, C (gf) 1 owe find

1 < r < n. Then clearly gfr C gg. , but we also have that

that (g ) /30 (8,);, - The conclusion is that ¢(h(g,F)) = PO (( g n)_

ZL](ﬁr)g’ = §(¢,¥), and therefore that h(z,%) = bh(g,F )/30, and that
H=H/Z,, where H=H(§,¥) and H = H(g,).

We now consider the orbits O = Gg and O = Gg. The map O — O glven
by [ — loc =1 is a bijection. Also, if ¢ € P(0), then the functlon @ on 0

defined by #(l) = p(loc) isin P(0); in fact, for X € g we have (v ) =y*
where X = ¢(X), and the assertion then follows from Lemma 1.7.2. It follows
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that the map ¢ — ¢ is a linear bijection from %(0) onto #(0). For s€ G,
heH,let §=c(s), h=c(h). We have ¢(5hg) = ¢(shg), so ¢ — ¢ maps
Pr0.5(0) bijectively onto Fp ;, 5(0).

Let #: G — T be the unitary character with 7(expX) = ¢ ¥, X ¢
h(g,%). Then Joc=y

There is defined a map V: L*(G,x) — L*G,7) by f — f, where f =
foc. The map V is clearly unitary and an(s)V_l = m,($), where m, =
indmcx, m, = inde)Z, and § = c(s) for s € G. Itis 1mmed1ately seen

—~

that V maps #(G,x) onto .#(G,%). Moreover, 6 (@) f3) = ¢(52) f(5) =
0(s8)f(s)=0,(9)f(s),s0 VI, (9)f =d,(p)Vf,or V5 (o) v =0,(9).
Now we have to prove that dn ( f( ) = ( ), or, equivalently,

d(my 0 c)(P, o(0) =30 (@) or dﬂi(0(¢0(¢))=5i(¢)-

By the induction hypothesis we have dn i(tb‘?((b)) = di(q}) , so we will be done
. B B«
if we can show that ¢(®,, (¢)) = q)o (@).

To show that c(d)?((p)) = d%g((b) we start by noting that Jg c I, since
Jgl=>X €9, +3,=>X; €9, ,+9,=>J&J,. Writing e=Jg={jl<
< jstand é=J,={j <---<]j,;} wehavethat i; =j foru=1,....d.

Let 62 be the B-chart of O, and let g be the F-chart of 0. We

2,7 ; ; ; - B 7
have g, (loc), =({loc, X, ) = (loc, X, )= (l,c(X, )= (I, X;) =05 (I),,s0
. 5 - N 51 N
0‘0@(100) = a?(l). Therefore, if y € R?, and [ = ao"@ (), then aog(loc) =
S . - -1 5 —1
It follows that ooy (y) = ¢() = p(loc)=poal (v),s0 focy =
-1
1) oag? . Therefore
&' . - R
oo, (—iX;,...,—iX,)=¢o0, (-iX,

EEIEREIE)
lfl

—iX, )

Jd
. -1, . . N el o
which implies c(poo, (—iX; ,...,—iX ))=goa, (=iX;,..., —iX;),
and taking symmetrization ® and using that ¢ commutes with @ we get
(D2 (9)) = DF (¢). This finishes case (a).

Suppose then that we are in

Case (b): dim 3, = 0. Then dim3 = 1 and (g,3 # 0, so 3 = g, and
(g,X,) #0. In particular [g,g,] =g, , and therefore g, ¢ 8> hence 2 € J, =
e,and j, = 2. Note also that g, C ¢ = kerad X, (since otherwise gott=g
and therefore (g,g,) = (g,[8,X,]) = (9g,X,) = (¢g,X,) = 0 which is a
contradiction). We then claim that we can assume that g, , = ¢ =kerad X, .

Proof of claim. Clearly t = kerad X, is an ideal in g of codimension 1. Set
p=min{l <j<m| Xj ¢ t}. Then p is well defined, p > 3 and g = E@RXP.
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It is easily seen that p € Jg (in fact, if p ¢ J_, then Xp €g,+g, Cg,+ECE
which is a contradiction). We then define a new basis % : X Lo e ,X’m in g
inthefollowingway' For 1<j<p-1 weset X’ X forp<j<m-1 we
set X =X, +¢;,X,, wherethe ¢; | €R are selected such that X € t (this

j+l
is possible since RX GBE =g), and ﬁnally we set Xm =X,. We then deﬁne the
linear subspaces @j, j=1,...,m,in g by
j, =RX ©---©oRX,

Wehave §, =g, for 1<j<p-1and g, =§®&RX forp-1<;<
m — 1 implying that g =g, Nt for p—1<j <m-—1. This shows that
#:9,,...,8,, is aJordan-Holder sequence in g, and % is compatible with
& by construction. By construction we also have §, , = t. We designate the
objects associated with this new Jordan-Holder sequence J i é, h(O,? ) etc.
Wewrite J, =& ={j, <---<j,}.

For 1 < j < p -1 we clearly have that j € Jg & j€e Jg. Furthermore
DE Jg and me J g It is easily seen that if j = p we have

Jy =J',, 1<r<a-1,
j+1=j,, a<r<d-1,

Jg=m.

We next prove that
h(g,F) =h(g,F).
We start by observing that (Gj)g, Ctfor 1<j<m. Infact,let y:g—R
be the linear map such that [X,X,] = y(X)X,. Then X € t & y(X) = 0.
If j =1, then clearly (gj)g; C ¢. Suppose j > 2. Then X, € 9 and if
Xe (gj)gj , then 0= (g,[X, X,]) = y(X)(g,X,) which implies that y(X) =0
hence X € t. This shows that (Hj)g, Cetforall 1<j<m.Nowfor 1<j<p
we have g; =g, and therefore (ﬁj)g, = (ﬂj)g,- For p—1<j<m-1 wehave
8, =9, Nt Therefore, if X € (ng)gM we have that X € €, hence X € §,,
and 0 = (g,[X,ng]) D (g,[X,gj]) which shows that X € (f;j) We con-
clude that (g;,,),  C (§),. But then b(g, ) = z;" 1(8)), = 202 (gj) +
)y ,,(9, = 008, + X1t 1(841)g,., © Y026y, + i (3) 8 =
E, ) (gj C E, . gJ = §(0,%). This shows that b(g,?) c §(0,%),
since dlmb(g, ) = dlmb(o F) (= d/2) we have that (g, F ) B0, ).
We shall then compare the %-chart "o and the %-chart "0 For 1<r<

a—1 we have ‘70 ), =(l, X)) =(,X;)= (l X.) —af(l) .For a<r<

d—1 wehave oy (), = (I, X,) = (I X, X)=(,X, +c, X)=

J+1 Wl

oy (), +c, ay),. Fmally af(l)a = (I,Xju) = (I,Xp) = (I,Xm) =
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@ o B 7 R .
d, (1),, - In other words, if o, (/) = (y,,...,y,), and af(l) =Pys-Py)
we have

i =0

J}a— =ya—l

j}a =ya+l +cja+|ya
j}r=yr+1 +Cj,+1ya

J}d—l =yd+cjdya
j}d =V
Let n?w € 9’3(0 j)(O) = 9"2(0’?)(0) . With the above notation we have
@7, z1
oo, (P)=¢oa,
clear since
.1 1

(v). We now assert that &7 (p) = & (p). But this is

@ o o a-1, . .
poa, (—lle,...,—lde)=(pOO'0 (_lle""’_lde)'
From now on we then assume that g, , = ¢ = ker(adX,), and set g, =

gle = glg,,_, - Finally we set K =expt.
Set K, ={l<j<m|X &g, +h(g,#)}. Then writing K, = {k, <
- < kd/2} we have that X, ,... ,ka is a basis of g (mod h(g, 7)) of
subalgebra type. Since h(g,#) C t=g, , we have that k,, = m. Using this
basis we have a unitary V': LZ(G,x) — LZ(Rd/z,dt) , and it maps (G, )
onto y(Rd/?'), see §1.8. Set n = m, = ind;,cx. The representation 7w is
transformed into the representation 7’ having the form

1’ (s)h(1) = x(b(s,0) " h(s™'1),

see §1.8.

In the following we indicate objects defined relative to the subgroup K by a
subscript or superscript “0”. In ¢ we have a Jordan-Holder basis %: X, ...,
X,,_, - We call the associated Jordan-Holder sequence % . Clearly h(g,F) =

h(g,,,), where g, = glt. We have t, = 8, ®RX, and writing J, =

{j? < -0 < jg_z} we have that j? = Jj,,4, r=1,...,d —2. Moreover,
Xi» o ’Xka/z_. is a basis in ¢ (mod h(g,,%))) of subalgebra type. We set
my = indy, . x, and transform 7, to n(;/" acting on LZ(R(M_l ,dtO) by the
unitary V;, just as we did with = = T, and we get

7 (59)ho (%) = 2By (59> 1) ™ hy(sg ' £°).
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We identify R?? with RY*7'xR as follows ¢ = (t0 by /2). A simple calculation

then gives that

aof

Btd 2
~1428dXm 0

dn” (X)f (1) = dmg’ (e = X) £(1°, 1)

for X € ¢, where dng"(e_"’“adx'”X ) acts in the first variable.
Let us now note that if / =sge€ O, and y = aog(l) , then (sexpuX,g,X;) =
(sg,X;) for j <m while
(sexpuX,g,X,) = (sg,e "X, ) = (sg, X,, +ulX,,, X,))
= (58, X,,) +u(g,[X,,, X,)) = {,X,) +un,

dn” (X,) (1) = ——(1),

where 1 = (g,[X,,,X,]). It follows that ¢ o aog_l(yl seee s Vg Vg T UM =
p(sexpuX,g) = ¢(sg) = ¢ oaog_l(yl, ceesVg_1Y4), since ¢ € g@g(of)(O)
and X, € h(g,¥). The conclusion is that ¢ o af_l only depends on the
variables y,,...,y,_,, and therefore ¢ o ag?_l(——in] ey — ind) € S(t) >

hence Qf((p) € U(¢c). It also follows that there exists a function @ on 0=
{l|t| ] € O} such that ¢(/) =9(/|¢) forall / € O, and @ is the restriction to
O of a polynomial function.
We write
-1 i

9oy V)= 2 a0,
a=(a3 ,..,ag—1)
where a (y,) is a polynomial function in y, .
Set O, = Kg,, and set ¢, =9|0,. Thenif /[, € O, and [/ € O with [|e =1,
we have (/),X,) =¢&, = (g,X,). It follows that if ‘7000(10) = Vys--esVa_y)>

then aog(l) =(&,Y,5 -+ »Y4_15Y,) > and therefore that

Q—l

¢00'O (629y2’~-~9yd_1 9yd)=¢(l)=¢0(10)

@1
= ¢006000 (y2, ,yd_l).
The conclusion is that
@ -1
0005 Dy sV )= D a &y vil
a=(a3 y... ,@g—1)

Now

B - .
®;(0) = w(pody (-iX,,

_w(za le) l'/\’jz)a2 . ( lde l)ad—l)
= Zaa(—lxz)a)((_lsz)az L (_in )a,,_,).

- ind))

d—1
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Here we have used that X, is central in €. But then

dny(®F ( Zdno —iX,))dry(@((=iX, )™ (—iX, )*™)
= Za (&)dmg(@((=iX,)™ - (=iX e )™™)
= dﬂo w Zaa 62 —in?)U‘Z . (._.[ng_z)ad—l)
-1
= dny(w(pyoay (=iKpp, -+, =X, )
= dny(®3°(9,)-
By the induction hypothesis we have that dno(d%g)"((po)) = 62((;)0) , and there-
fore we get
(*) dny(®g (9)) = 5, (9,).

We shall now find Ad(exp —tXm)(d)‘f((o)) for ¢t € R. First, setting X; =
Ad(exp—tX, )X r 1 < j < m, we get a new Jordan-Hélder basis &' com-
patible with the Jordan-Ho6lder sequence .# . Applying the formula (*) to the
Jordan-Holder basis &' we get

(+%) dny (@5 (9)) =3, (9,)-
Next, define the function ¢, by ¢,(/) = ¢(exptX /). Clearly ¢, € 9’1?(0,‘7)(0),
If po Uf_l =y, ¢y, then
o) = e, (L X, N - (L, X, )™
and therefore
o,(l) = p(exptX, )= c,((exptX, [, X, )

= _c,((l,Ad(exp~X, )X, )™ - ((I, Ad(exp —1X, ) X, ))*
=S e (X )™ (LX)
@1 B!
Now we see from above that ¢, 00, =g¢o0g, ,so
—1

B .yl
¢1000 (_lle >

—iX)=pody (-iX|,..,—iX,)

N1 Jd

-1
= Ad(exp—tX, )(poay (—=iX, ,...,—iX,)),

W Jd

which implies that

(x% %) @7 (p,) = Ad(exp —1X,, ) (D (9)).
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Using (**) and (***) we then get
dry(Ad(exp —tX,,)P; (9)) = 8,((9,)y)-
But then it follows that
dn’ (@] (9)f(1) = dng (Ad(exp 1, X, )P (9))f(2)
= 82"((p,, (1 14)
= iq:,d/2 (exp td/Z—IXkd/z_.

= i¢(exptd/2Xm exp td/z—lxk,,,z_.
=3, (9)f(1)

-expt X, g)f(t)
---expt, X, 8)f(t)

and therefore
Z
dn(®, (9)) = 9,(9).
This finishes Case (b), and ends the proof of Theorem 3.1.2.
We have till now only defined ®(¢) € U(g.) for ¢ € 3”12(0 7(0). We

shall now define ®(¢p) € U(g.) for ¢ € '@t{(o y)(O) . To this end, recall from
Proposition 2.2.9 that each ¢ € 3”}(0 y)(O) can be written uniquely as

dj2 X
(1) 0= 0¥ +9,,
r=1
where ¢,,9,, ... 2942 belong to '@1?(0,7)(0) . We set
dj2
D(p) =iy D(9,)X, +D(p,).
r=1

Theorem 3.1.3. For ¢ € .97’}(0 7)(0) we have
dn (®(9)) = 6,(9).

Proof. Since 61 is 9’}8 (O)-linear this follows immediately from Theorem 3.1.2
and the definition of ®.

We now consider the map g, - Recall (see §2.5) that g, defines an isomor-
phism
1
e, : Pp(0) > 7' (G, ).

We set ¥ to be the map that makes the following diagram commutative:

2o X Jhoyno)

e,\ ,/d.n
G, x)
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We shall now construct an explicit map ¥ : 9";(0) — & '(G,x) such that
¥ when composed with the quotient map J }(0) — }(0) /1(0) is equal to ¥,
just as we did for &:

We set ¥(p) = (¢p) for ¢ eg’ﬁ(oy)(O). For ¢ eﬁ;(O) we write ¢ as
in the formula (f) above, and set

d/2
.1
¥lo) =-i3 Y (¥(p)X, + X, ¥(9,) +¥(g,).

r=1
Theorem 3.1.4. For ¢ € 95”0 7 (O) we have
dn, (¥(9)) = ,(9).
Proof. We have

L
n,(Y(p)) = -i5 Z(dﬂ(‘l’ )dn(X, ) +dn(X, )dn(¥(p,))) +dn(¥(g,))

d/2
= —z—E L)+ dn(X,)38,(9,) +6,(9,).
Now
d/2
6,(9)=—iy_6,(9,)dn(X,)+0,(9,),
r=1
hence

d/2
8, (@) =iy dn(X,)s,(9,) 35, (0,

r=1
We see that the difference of the last two expressions is equal to twice the result
of the first calculation, hence

£,(9) = 1(6,(9) = 6,(9)") = dn(¥(9)).
This ends the proof of the theorem.

3.2. Construction of unitary representations with an explicit cross-section for the
differential. Suppose now that (p,,...,p, 22041554y /2) are global canonical
coordinates on O such that p,...,p, 1 € e@F'(Ov,;)(O) and

dp>--244 69‘}(0 7)(0). As in §2.7 we write foreach X € g

d/2
=Y ay (@)p, +ay 4),

r=1

where ay | egz(Rd/z) r=0,1,...,d/2.
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Weset u, =¥(p,), v,=¥(q,), r=1,...,d/2. We can then formulate:
Theorem 3.2.1 There exists one and only one strongly continuous, unitary
representation 7 of G on LZ(Rd/ 2) such that & (Rd/ 2) C H;’° , and such that
dj2 d/2

dn(X)f(0) = Y ay (X0 +iay (010 + 33
r=1 r r=1

Oay ,
3OS0

for fe 2 (Rd/ 2) . The representation 7 is in the equivalence class of irre-
ducible representations associated with the orbit O, and we have

dn(u,)=D,, d=n(v,)=iM_,

where D f=0f/0t, and M, f(t) =1t f(t), r=1,...,d/2.

Proof. This follows from Theorem 3.1.4 and [9, Theorem 3.2.3] (and also in-
voking a few details from proof of this theorem).

4. COARSE AND FINE ¥ -STRATIFICATION OF THE DUAL
OF A NILPOTENT LIE ALGEBRA

The main purpose of this section is to define the “fine ¥ -stratification”of the
dual of a nilpotent Lie algebra with respect to a given Jordan-Holder sequence
& . This will be used in an essential way in §5. The fine ¥ -stratification
is a refinement of what we call the “coarse .# -stratification”, which is due to
Pukanszky.

4.1. Jump indices for skewsymmetric bilinear form with respect to flag. We start
by defining the “jump indices”of a skewsymmetric bilinear form.
Let V' be a finite dimensional vector space over the field K, and let B: V x
V — K be a skewsymmetric bilinear form on V. If M is any subset we denote
by M* the set M* = {veV|B(u,v)=0forallu € M}. We define the
radical ¥V, of B to be the subspace v,
Suppose that
F:V=V, oV, D> -DVDV={0}
is a flag of subspaces, i.e. an increasing sequence of subspaces such that dim Vj
=j.
Set
JB={15jSmIVj¢Vj_,+VB}.
We call J, the set of jump indices of B relative to the given flag .
Let X; € Vj\Vj_l, J=1,...,m. Then x,,...,x, isabasisin V. We
have
JB={l§j§m|xj¢Vj_l+VB}.

If Jp is nonempty we can write Jp = {j, <--- < j,}. Then Xjseees Xy isa
basis for V' (mod V). This implies that the matrix

My =[B(x;,» X )i <u o<

i1s nonsingular.
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Set Bj to be the restriction of B to VJ X V; , j=1,...,m. The symbol
(Vj) B then denotes the radical of Bj. For the set of jump indices JB, of B i
relative to the flag

F V.oV, DDV DV ={0}

we have
JB, ={1<k<jlx, &V, +(VJ')BJ}'

Let us note that J, C Jy; in fact, we clearly have that J, = {1 < j < m |
X; ¢ 1tV ﬂV} andalso Vg r‘lV C (V)B ,1tfollowsthat X €V, _ +VpN
V =>xk e Vk 1+(V)B ,andtherefore X &V, 1+(Vj)3, =X, & V;(_1+VBrW}.
Thls implies that J, B, C J . In general we have

@G=Jp ClpCCly CUp =,

Set
Ky={l<j<sm|Jy #Jp}

Now either
dim V;/(V))p =dimV,_,/(V,_})p |
or
dim V,/(V)p = dimV,_,/(V,_,)p  +2

[3, 1.12.2]. It follows that either card(J}) = card(J, B, ) or card(J, ) =
card(JBI__l) + 2 . Since Jp, = and card(Jp ) = card(J ) =d is even we
get that card(K,) =d/2.

Another characterization of K, is

(+) Ky={1<j<m|jel,)};

in fact, if j € J x then j & JB,-_. , 80 j € K. Conversely, suppose that
jé JB,- - Then x; € Vj—|+(Vj)B,- and therefore (VB,)n Vi, = (Vj_l)Bj_l , hence
JB,-_. = JB,- . This proves (*). In particular we get j € K, = j € JB, cJ,, so
KpcCJg.

Still another characterization of K, is as follows: We know that P(B,¥) =
Z;.":l (V;.) B is a maximal isotropic subspace in ¥ with respect to B, and that
P(B,%)n V, = P(B, ,9‘;) [3, 1.12.3]. From this we see immediately that

Ky={l<j<m|V, ¢V _,+P(B,¥)}

We set

Fp =g I, s Jp, > /p,)
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Definition 4.1.1. We call 7, for the m-tuple of jump indices for B with respect
to the given flag & .

We write

Jp={, < <Jst, Kp={k <--- <k}

If j <k, we have JB, = and if j > kd/2 we have JB, =Jy. For k, <j<
k.., wehave Jp =Jp # Jy

We define the finite sequence /,, ... ,/; 2 in {1,...,m} recursively as fol-
lows

JBk,={11<k1}’ JBk'+l=JBk,U{lr+l<kr+l}’ r<dj/2-1,

and we set Ly = {/, ... ,ld/z}. Then J; = K, U L, as a disjoint union. If
k, < j <k, we have that KB,- ={k, <---<k,} and LB,- ={l,....,L}.
We have that x, ,...,x, X, ,...,X isabasisin V, (mod V) for all
1 d)2 1 d/2 J j

j> kd/Z‘ It k. <j<k,,,
abasis in V, (mod(Vj)Bj).
4.2, Coarse and fine 7 -stratification of the dual of a nilpotent Lie algebra. Let

G be a connected, simply connected nilpotent Lie group with Lie algebra g,
and let

r < d/2, we have that Xy s oo s Xg s Xy 5 oee s Xy 18

F:98=9,28,_,2 28, Dg,=1{0}

be a fixed Jordan-Holder sequence in g, and let &': X, ..., X, be a compat-
ible Jordan-Hoélder basis in g, ie. X ;€8 \g e

For each g € g* we have defined the skew-symmetric bilinear form Bg: g X
g— R. Weset J ¢ 10 be the set of jump indices of B . relative to the flag & ,
ie. J, = JB, with the notation from §4.1. The restriction (Bg) ; of B, to
9; X9 is equal to ng , where g = glg]. . Therefore, if we set Jg{ = Jng
have that the m-tuple of jump indices of B, is

1 2 m—1 m
S =T =TTy J7 LI,

Let us note that we have
J;:{lSij!nggk_l"'(gj)gj}-
Weset & = {J, | g €¢"}, and for e € & we set Qe={geg*|Jg=e}.

Similarly we define & = {J; | g €g’}, and we set & = {% 1g€g’}. Clearly
Ec&x---x&,.

If e=(e,...,e,) €& wehavethat e Ce,C---Ce,_, Ce,,and we
define

we

K.={1<j<smle,_Ze}={1<j<m|j€e;}
We write K, = {k;, <--- < kd/z}, and define the sequence /, ... ,ld/2 recur-
sively as follows:

e, ={l <k}, e =¢U{l <k,}, r<d/2-1,
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and weset L, = {/,, ... ’ld/z}- Then e, = K, UL, as a disjoint union. We
set ¢, = (e, ...,e). If k, < j <k, , wehave that Ke, ={k, <---<k,} and
L£j={1|,...,l,},and e, =K UL, .

Let e be a subset of {1,...J,m}J. If e=0 weset M, =1, Q, =1 and
P,=1.1f e#0 we write e = {j, <--- < j,} and set foreach g€g" M,(g)
to be the d x d-matrix defined by

Me(g) = [(g > [Xju ’ Xj,,]>]1§u,v§d s
and set
Q,(g) =detM,(g),
and
P,(g) =PfM,(g).
For ¢ €& we set
Q,={geg’ | 7, =}
We clearly have that g* = U,ce €2, as a finite, disjoint union. We call this
partition of g* the fine . -stratification of g~ with respect to # .
Similarly we call the partition g* = J ocx 2, into finitely many disjoint sets
for the coarse F -stratification of g~ with respect to & .
Let ¢ €& and write ¢ = (e, ... ,e, ). We have

Lemma 4.2.1. The polynomial functions Pe, and er are constant on each coad-
Jjoint orbit O contained in €, .

Proof. If O C Q, and if g € O then J&{ =e;. Let us write e = <<
J4} - Since g; is an ideal we can write for each s € G and each 1 <v <d:

d
-1
Ad(s )va = Z allUXju + Zv ’
u=1

where Z € (gj)g , and we have that ¢, =0 for ¥ >v and q,, = 1. If we

VU
let A be the matrix [a,,],, <4 We have

(sg.1X,. X, 1) = (g, [Ad(s” )X, ,Ad(s )X, ])
d
= a,lg.1X, . X, Da, = (AM, (g)A),, .
p.g=1
which means that M e (sg) ="'AM e}(g)A. Now since A is an upper triangular
matrix whose diagonal elements are all equal to 1 we have that detA =1,
hence P, (sg) = PfM, (sg) = Pf’AMej(g)A = detAPfM, =PfM, =P, (g).
This ends the proof of the lemma, since Q‘,j = ij .
Recall (see §3.1) that we have set

m

b(g’y) = Z(gj)g s

J=1

J
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and that h(g,#) is a polarization at g [3, 1.2.10], the Vergne polarization at
g associated with & .
If g € Q, we also write K,=K, and L, = L,.

.. For g € g° we can
characterize K g @S follows:

K,={1<j<m|X &g, ,+h(8F)}

5. CONSTRUCTION OF CANONICAL COORDINATES

Let G be a connected, simply connected nilpotent Lie group with Lie algebra
g . In this section we shall show how one can explicitly construct global canonical
coordinates on each coadjoint orbit of G . Actually, we do more than that: We
give an algorithm for constructing the rational functions p;, ... ,p5 /25 a, ...,
qj P appearing in the theorem below. This theorem is the main result of this
section. As a by-product we obtain non-inductive proofs of two basic facts from
the Kirillov theory (5.4.6), namely that one can associate a well-defined class
of irreducible representations of G with each coadjoint orbit O of G, and
that the image of the universal enveloping algebra by the differential of such a
representation can be identified with the algebra of all polynomial differential
operators on some space R” (the Weyl algebra).

5.1. Formulation of theorem. Let ¥ be a Jordan-Holder sequence in g, and
let Z:X ys»--->X, beabasisin g compatible with.# . Recall that we have
defined the fine 7 -stratification g* = Ueee @, of g", and that F(O,%) is
the G-invariant polarization of O defined by the Vergne polarization b(g) =
h(g,F) at geg (§4.2).

Theorem 5.1.1. There exists for each ¢ € & rational functions p;, ...,p5 /20
H 5 on g~ with the following properties: For each orbit O contained

in Q, the restrictions q, , ....d,, of q, ... ,qj/z to O are in Fp5)(0)
and the restrictions plo, ,pf/z of pi, ... ,pj/z to O arein 9"}(0‘9,)(0), and
plo, ,p‘?/z ,qlo, ,qa?/z are canonical coordinates on O.

We shall prove Theorem 5.1.1 in §§5.2, 5.3, 5.4 and 5.5. In the course of our
proof we shall describe an algorithm for calculating the the rational functions

J 2N /29 a;, .-, 4, /, appearing in the theorem, and, in fact, this algorithm
produces rational functions with denominators from the algebra generated by
P ,...,P

e’ >V em

5.2. The rational functions Sj‘. ; defining qﬁ . The main goal of this section is to
define the rational functions ¢, ... ,q, ,, appearing in Theorem 5.1.1.




548 N. V. PEDERSEN

For g € Q, we define the (m x d/2)-matrix 1°(g) = [t;u(g)] 1<j<m @as
1<u<d/2
follows:
dj2

X; =Y 78X, +Bg),
u=1

where BJ(g) € h(g) . The matrix 7°(g) is well defined since X , .. is a

basis for g (mod h(g)) for g€ Q,.

- ka

Lemma 5.2.1. For all g € Q, and h € H = H(g) = exph(g) we have that
v'(hg) =v'(g) and Bj(hg) = B;(g), 1 <j<m.

Proof. In general we have h(sg) = Ad(s)h(g), and since h(g) is a subalgebra
we have h(hg) = Ad(h)h(g) =h(g) for h € H(g). Therefore writing

d/2
X; =37, (he)X, +Bhg),

u=1
where Bj(hg) € h(hg) = h(g) we see that Bj(hg) = B,(g), and rj.u(hg) =
T,(g) forall geQ,, he H(g).

For 1 < j < m we define the function Sj on €, as follows

(%) S%(g) = (8. B(8));
we also have

d/2
(+) Si(g) = (g, X)) - ) 1 ,(&)g.X,)
u=1

Lemma 5.2.2. For g € Q, and h € H = H(g) = exph(g) we have Sj(hg) =
S(8)-

Proof. For h € H(g) we have Sj(hg) = (hg,B;(hg)) = (hg,B;(g)) Now
h =expX, X € b(g), hence (hg,B;(g)) = (g,¢ "**B,(g)) = (g,B,(8)),
since h(g) is an isotropic subalgebra.

It follows from Lemma 5.2.2 that Sj when restricted to an orbit O = Gg
contained in , is constant on the fibers of the fibration defined by H = H(g) .

The definition of ¢, ...,q; j, on Q now are as follows: Write L, = {I, <
- < 1I,,} and set g;(g) = S/ (g) for g€ Q,, u=1,...,d/2. In order to
be able to extend ¢, ... ,q, 1 toall of g~ as rational functions and to give an

algorithm for computing such extensions, we shall have to explore the matrix
7° in greater detail.

5.3. The matrix 7. Let ¢ €&, and let d be the dimension of orbits contained
in Q .
€
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For each g € Q, we define the (m x d)-matrix pd/ 2 (g) as follows: For each
1 < j <m we write
& dj2 & dj2 dj2
X; = ijéu_l(g))(k" + ijZuX +4;7(g),
u=1 u=1

where 47%(g)eg, .
For each 1 < v <d/2 we then have
ar arz
#) (&.[X;, X, Zp,éu 1(8)(g, X, ])+ZP,§,, (&){g, X, X 1),
dj2 dj2
(g, Zp,ﬁu 1(8)(8, X, X, ]) +Zp,§u(g) (g,1X,,X,])
In order to rewrite the relations (f) in a more compact form we introduce
for any g € g* the (d x d)-matrix ud/ 2 and the (m x d/2)-matrix o/ 2(g) as
follows
45.=QJXW&N,1SJ<m 1<u<d/2,
o/ = (g,[X,, X)), 1<j<m, l<u<d)2,
and
dj2
w2 (&) = (8, [X, X, ), 1<u,v<d)2,
dj2
w2 (8) =(g.1X, . X, ), 1<u,v<d)2,
dj2
oo (&) =(g.1X, . X, ), 1<u,v<d)2,
d
Uy (8) = (g.1X,, X, ), 1<uv<d/2
The relations (§) can then be expressed as
o**(g) =0 (2" (g),
for g€ Q, , hence we have for g € Q, :
re) = W%mﬁm

We shall take this formula as the definition of p ( ) when g does not belong
to €, . In this way the entries of the matrix ! 2(g) are rational functions on
g~ with denominators equal to P, ,(g) = d/ 2(g).

Similarly we define for 1 < r < d/2 the (k,,, — 1) x 2r-matrix p'(g) as
follows: For each 1 < j < (k, 1 — 1) we write

r r
X =3 P (@)X, + Y 050, (8)X, + A(g),
u=1

u=1

where A;(g) €(g;),, » Where k =k, —
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We also define the (k
#(g) as follows

o1 — 1) x 2r-matrix o' (g) and the (2r x 2r)-matrix

00 1(8) = (&, [X,, X, ), 1<j<k,,,
aj"'2u( )_( ’[ j’X[uD’ 1Sj<kr+l’ 1<u<r’

and
#zu 120-1(8) = (&> [Xk X D, 1<u,v<r
‘uZu 12v( ( >’ 1<u,v<r,
'u2qu l(g) ( )’ 1<u,v<r,
'u2u2v(g) ( X ]>, ISu,'US",

and in this way we have as above

o'(g)=p (2K (g)
and
-1
p(g) =0 (g (g)
for g € Q,. We take the last relation as the definition of p (g) when g is
not contained in €2, . In this way the entries of p'(g) are rational functions in
g with denominators in the algebra generated by the polynomials by P (g) =
Pfu'(g), 1 <r < d/2. Note that the matrices ¢’ and g, r=1,...,d/2,
are submatrices of ¢°/> and pd/ 2, respectively.
We note that p'(g) depends only on glg, - We write this symbolically as

pg) = p’(é1 s o5& ), where (&, ... ,&,) are the coordinates of g with
respect to the basis of g* dualto X,,...,X, .

For g € Q, we have defined the (m x d/2)-matrix 7(g) = [rj u] 1<j<m as
1<u<d/2
follows:
dj2

X, = Zr}u )X, +B;(8),

where Bj(g) € h(g).

We shall give a recursive way of obtaining rj.u :

If j <k, we have that 7} (g)=0 for 1 <u<d/2.

Suppose then that r;u(g) has been found forall j <k,, 1 <u<d/2. If
r < d we shall determine rj.u forall k, <j <k, ,, 1<u<d/2,andif
r =d we shall determine T;u for all kd/2 <j<m, 1 <u<d/2. So suppose
k,<j<k,, (resp. k, <j < m). We can then write

r r
X;= ZP;Zu—I(g)Xku + ZP;Zu(g)X,u + A;(g).

u=1
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We also write
a2

XI“ = Z T/uv(g)ka + B1u(g) s
v=1

u=1,...,d.
Nowif u<r,then [, <k, 6 <k, so

,
X1u = thuv(g)xkv + B1u(g) >
v=1

u=1,...,r, hence

X; = Zp_ﬂu 1(8)X, +Zp,2u(g (Er,v X, +B(g ))+A;(g)
= Zp12u 1(8)X, +Zzp12u T1v(g)X

u=1v=1

+Zp,2u )B,(8) + 4(8)

r

=D (Pja_i(8) + Z P;2(8)T, (&)X,

u=1 v=1

+Zp,2u )B;(8) + 4(2).

Now since the last term is clearly contained in h(g) we have for k, < j <k, ,
(ky<j<m):

& r
Tju(g)zijM— +Zp12v Ivu l<ucsr,
€
7,,(8)=0, r<ucs d/2.
We take this as the defining relations for t°(g) when g does not belong to
Q,. In this way -rj.u is a rational function on g* with denominators from
the algebra genarated by the polynomials P, ..., P, 2 We see that 1§u(g) =
T &y n8) for k < j<k,,

Lemma 5.3.1. The functions t°
in Q,, belong to '@F(Oﬁ')(o)'

iu when restricted to a single orbit O contained

Proof. We already know that ‘tj. . are rational functions with denominators in
the algebra generated by P, ..., Pd/2 and that ‘cj.u(hg) = tj.u(g) for g€Q,,
h e H(g) (Lemma 5.2.1). Now since P, , ..., P, /2 are constant when restricted
to a single orbit contained in Q, (Lemma 4.2.1) we have proved the lemma.
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We have defined the functions Sj. on Q_ by

dj2
SHe) = (g, X)) =) 7 (8)(g. X ).
u=1
We take this as the defining relation of Sf when g does not belong to €2, . In
this way Sf is a rational function on g*. For j =k, , r=1,...,d, we have
Sf =0, and for k, < j <k, wehave

S(8) =& +S (&8,

where Ej(g) is a rational function on g* with denominators in the algebra
generated by P, ..., P, . It follows that we have, using Lemma 5.2.2,

Lemma 5.3.2. The functions S; , 1 < j < m, when restricted to a single orbit O
contained in Q,, belong to .9"})(0’(7)(0).

5.4. Construction of canonical coordinates on a single orbit. We now consider
the % -chart 65@ :0—R? ofa single orbit O = Gg contained in €, . Recall
that 05@ is defined as af: I — ((l,le), ,(I,de)) (see §1.6). In the fol-
lowing we use then notation 00‘93 =(y Y jd) . The inverse of 05@ is given
Q—l

by o, (.- ¥,) =y - (R(&.),...,R,(&,)) = YL R (g0
Recall that (g,y) — R j(g, y) is a polynomial function in the variable y =
(ORI 4 fd) and a rational function in the variable g € g° with denomina-
tors in the algebra genarated by P, ..., P, 2 and that R jr(g V)=y -

We now define another map 1? : 0 — R? in the following manner: 1‘0@ :
[ — (Zj,(l)» ’Zjd([))’ where, for r=1,...,d/2,

z,(h=(,X,) ifj, €K,

and
zj.,(l) =Sj,(1) if j, €L,

or, put otherwise,
Zk ()= (I,Xk,> = yk,(l)

and
z, () =S8,() (orz,()=S,(])).

Then z o e 2, are polynomial functions on the orbit O, and they belong

Jd
1o Py .7(0), and for j, € L, we have that z, € #(0) (Lemma 5.2.2).

Lemma 5.4.1. The map r‘g is a polynomial chart on O.
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-1 -1
. . % @ d d .. BB
Proof. First we consider 7, o g :R” = R". Wewrite 75, 00, ()=

(f,(&:9),....f,(8,y)), where O=Gg. We have for 1 <r<d/2
1, (8:9) =V
£,(&,9)=S,(R/(&,y),...,R,(&,))
=y, +S,(R(&,9), .- R,_,(8,9))-
We set 7, (¢,9) = S} (R,(8,7), ... ,R,_,(g.y)) for jye L, 1<r<d.
Since Rj(g, y) at most depends on Vireoos¥, for j < j, we have that
&) =78y, )s
when j,eLg. Let us set 71.’ =0 for j,ng, 1 <r <d. In this way we have
forall 1<r<d:
f;l(g’y) = y.]r +f]r(g’y) = y.lr +er(g’le e ’yjr—l).
Writing these equations
z.fl =yj'1 ? _
zjz =yjz +sz(g’yj1)’
zja =yj3+fj3(g,yj, ’yjz)’
2, =y, + 1,8V sV, )

Jd—1
we see by succesive solution that

yjl=zj1’

viy=2,-f,(&y,)=2,-F,(8&.2),
yj} = Zj3 —fjl(g’yjl 7y_,'2) _
=z, -f;(8,2;,2,-f,,(8,2;)),

Vi =2~ L&V ¥y, )

® @~V . .. o 2 @1
and therefore that 7, o g, is bijective and its inverse z — g, o7, (z)=

(hjl(g 2Z) s e ,hjd(g ,2)): R’ SR? isa polynomial function given by
yjr = h]r(g ’ Z) = er + h/r(g ’ Z) = zjr + h.lr(g ’ zjl 2o er—l)’
-1
r=1,...,d. In other words, 1? o aga is a polynomial diffeomorphism.
This ends the proof of the lemma.

5.4.2. For later use we note that the functions (g,y) — fj’(g ,y) and (g,2) —
h j,(g, z), §€Q,, y€ R? , in a natural way can be extended to be rational
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functions on g" in the variable g with denominators in the algebra generated
by the polynomials P, ..., P, -

We shall now briefly consider what happens to the canonical symplectic form
under the coordinate change (yj. y een ’yj./) — (zj1 y een ,zjd). Let us set w,, =
w,(8/0y; ,0/0y,) and w, = wy(0/0z,;,0/0z;) for 1 < r,s < d, and
let @, @ be the corresponding matrices. Writing y = [0z i /6ij]1 <rs<d We
have @ = ‘pw'y. Now since z, = f,0) =y, + 1.,y ) we see
that azj,/ayjs =1 for s = r, and 6zj,/6ij = 0 for s > r, and therefore
that y is a lower triangular matrix with 1’s in the diagonal, hence dety = 1.
We conclude that detw = detw . Now we have the following matrix relations
[{yj, ,yj:}],Sde = - ', and similarly [{zj, 2 gy s<a = @' It follows
that

P, () =PI IX, . X, D]icy ca)’
= PA({y, .7, }Di<, s<a)’ = PRIz, . 2,3 (D)<, sea)

We now define the (d x d)-matrix A in the following way:

a, ()={z, .z}, 1<r,s<d/2,
ars+d/2(l)={zk,,z1's}, 1<r,s<d/2,
ar+d/2s(1)={zi,azks}, 1<r,s<d/2,

4 ansapn) ={z;,2;}, 1<r,s<d/2.

Let us then note that by construction {z;,z;} = 0, hence a4, = 0 for
d/2<r,s<d,ie., A(/) has the form

(AL AL
A(”‘(-X:Z(n o >

It follows that det A(/) = (detA,(/))’. But

2

detA(l) = det([{z, , 2, }],<, <o) = P, (1),

hence detA,(/) = £P, (/). In particular detA, ,(I) is constant on each orbit
contained in Q,. We define for each / € O the (d/2 x d/2)-matrix B(¢) as

B(l)=A,()".

Since the entries of A, are of the form {z, , Zi,} , and since z, € ‘9312(03)(0) ,

. . . 0
we see that the entries of A, are in 9”2(0,?)(0) . Moreover, since ?F(o,y)(o)
is a subalgebra and since detA , is constant on O we see that the entries of B

. 0
are in .9”” 0.7(0).
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We now define the functions ¢, = qlo, sl = qu/2 and p, = 1710, ceey
Pyp= Z)f/z as follows: We set
q.()=z(1), r=1,...,d/2,

d/2
p,(0)=3 bz, (), r=1,....d/2

s=1

We note that qro = qf|0, r=1,...,d/2 (see §5.2). By construction we have
{4,-4,} = 0. Moreover, {5,.4,} = {X01b,2,.2,} = Ze1b{z,.2} =
(BA,,),, =J,,. Wealso note that q,, ... ,q,, € £)0) and that 7, , ... N
€ P (0).

Define the map 7 = (x, ... ,xd/z): G/H — RY/? by x,(sH) = q,(sg),
s€G, 1 <r<d/2. This map is well defined by since g, € 9”,?(0) .
Lemma 5.4.3. The map t defines a polynomial chart on G/H .
Proof. 1t follows from Lemma 2.2.6 that the map ®: O — RY? x G/H given
by

d:/=5g— ((I,Xkl), ,(l,ka),sH)

is a bi-polynomial diffecomorphism, and it follows from Lemma 5.4.1 that the
map O — R? given by

[ (1, X)), o (L X,

d/z) ,q](l), e >qa'/2)
is a bi-polynomial diffecomorphism. But from this we see that the map G/H —
RY?: sH - (9,(s58), ... >4y /2(sg)) is a bi-polynomial diffeomorphism. This
ends the proof of the lemma.

It follows from the previous lemma that .9";) (O) are all functions of the form

a(q,,.-- ,qd/z) , where a € Q(Rd/z) .
We now define the map Wf :0—RY by
o L= B, (0)s . BypDq, (D), .. a5 (D).
Lemma 5.4.4. Wf is a polynomial chart.

-1
Proof. Consider Wf ) t‘f :z—(P(z),q9(z)). Wehave for 1 <r<d/2:
dj2
9,(2)=z;, P,= Ebrs(zl-l R L
s=1

-1, . .
SO Wg o rf is a polynomial function. Moreover, for 1 <r < d/2 we have

zir = qr,
d/2 d/2

Zkr = Ears(l)p—s = Zars(ql A ’qd/Z)ﬁs‘
s=1 s=1
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-1 -1
It follows that 7? o 1”0@ is bijective and that r“g? o?f is polynomial. This

ends the proof of the lemma.
Before going on, let us note that we have

)
_ oy Oy (6 oy 0 By/)
{p,v}= r;{p,,p}ap 5, Z 5 54, 94,97
In particular we have
dj2
6
P, w}= Z{p,,p} Z’

If ¥ € P 05(0) it follows that

oy
dq,”

p,.v}=

Lemma 5.4.5. Let 4544 be generators of 918(0’9,)(0), andlet p, ...,
-’_’d/z be elements in ﬁ;(o,y)(O) such that {p,,q,} =6,,, 1 <u,v<d/2.

Then there exists functions a,, ... ,a, 1 € g"g(o’y)(O) such that if we set p, =
p,+a, 1<u<d/2, then {p,,q,} =96, and {p,,p,} =0 for 1 <u,v <
dj2.

Proof. We shall give a recursive way of obtaining such functions a,: We set
a;, = 0. Suppose that a, 25 have been determined such that {p,,p .} =
0 for j <r,s <d/2 and ép,,q} =6,,, 1<s<d/2, j<r<d/2. We
seek an element a,_, € B”F(O 7)(0) such that P,y =D;_+a,_, satisfies
{p,_,,4,}=96, |, for 1 <s<d/2and {p, ,,p}=0 for j< s <d/2,ie.,
such that {ﬁj_l RS 51._“ and {1—’,'—1 P} = —{aj_l ,p,} for j<s<d/2.
But the first condition is already satisfied, so the element a i has to satisfy
{'p‘j_l Dy} = —{aj_l D} = —{aj_l ,p,} for j <s <d/2. Now since a;_, is

assumed to be in 9’1?(0_,?)(0) we must have {aj_l D} = —aaj_l/aqs which
means that it is necessary and sufficient to find a Ja in 9"})(03)(0) such that
Ba
TR q ={p,_,.p,}
for s = d/2,...,j. We shall show that this system of equations can be

solved. Set f = {p,_,,p;} for s =d/2,...,j. First we claim that f €

F(o,,7)(0) , J £s5<d/2. To see this, note that {q,, f,} = —{q, ,{p,,pj_l}} =
{p,.{p;_1}}+1{P,_,,{4,,p,}} = 0, since either {g,,p,} =0 or =1 and simi-

larly for {1_’,'-1 ,4,} . This means that we can consider f, ..., f; /2 @s functions
of q,,...,4, 2 and that we have to solve the equations
Ba
_f(q1,~~"qd/2)’ r=d/2,"‘7j

8q

N
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Since we are in a simply connected domain these equations can be solved if and
only if we have
of _0J

aq aq

;) r

forj<r,s<d/2,

i.e., if and only if
{p,,f,}={p,.f,} forj<r,s<d/2
But for j <r,s <d/2 we have
a —
a_;:: = {ps’f;} = {ps’{pr’pj—]}}
= _{pr’{ﬁj—l aps}} - {1—7]-_1 ,{ps,pr}}
- _ of.
= {pr’{ps’pj—l}} = {pr’{ps ,Pj_l}} = a—q‘: ,

and this shows that these equations can be solved. Since the functions f, are
polynomials in Clg,,...,q, /2], there is an obvious algorithm for for finding
a;_,. Note also that the functions a, are uniquely determined if we require
that p, (0, ...,0) = 0. This end the proof of the lemma.

We now use Lemma 5.4.5 on the functions p,, ... ,p, 2 constructed previ-
ously to find functions p, = plo, N pg/z satisfying the properties in
Lemma 5.4.5. We define ¢, : 0 — R? by

ot 1= @ (), ....005.a7(0), ....a5,0).

It is immediate that ¢ 001_)5' is a bi-polynomial difftfomorphism. We have thus
constructed a polynomial global chart on O.

5.4.6. Using the polynomial global chart ¢, = (p,,... Py >y qd/z) we
have that .9"}8 (O) consists of functions of the form a(q), where a € .@(Rd/ 2) .
It follows that each function ¢ € 97’;(0) can be written uniquely as

an
9= b (@™ +byq),

r=1

where b,,b,,...,b, P belong to @(Rd/ 2) (Proposition 2.2.9). In particular
each c//X , X € g, can be written
d/2

‘//X = be’,(q)y/)(k’ + bX,o(q)°
r=1

Setting b, = ij . and using the notation from the beginning of §5.4 this
means that we can write each y i uniquely as

d/2
yjs = Z bs,r(q)yk, + bs,()(q) )

r=1
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s=1,...,d. Suppose now that j € L,. Then there exists 1 < w < d/2
such that j =1 , and we have

Vi,=hy () =2, +h(g,2;,....2; )
=4q,+h,(g,2,,....2, ),

T js—l
where we use the notation from the proof of Lemma 5.4.1. Comparing this

with the expression above we get that
d/2
I
Vi =V, =4y + Db, (@ 4y )Y 0,04y, )
r=1

where b;,o(q) =—q, + bs'o(ql s Gy_y) -

Let us then use the polynomial canonical coordinates ¢, to construct the
representation m as in Theorem 2.7.2. It is then immediate that we can con-
struct elements v, € U(ge), w =1, ...,d/2,such that drn(v,) = iM, , where
M, f(t) =1t,f(t). In fact, set v, = X, (=X;); then dn(v,) = iM, . Suppose
then that we have found v,, ... ,v,_,, w <d/2, such that dn(v,) = iM_ for
l1<r<w-1,andlet 1 <s < d be such that Tw = J,. It then follows from
Theorem 2.7.2 that

dj2
dn(X,)=iM,+) b, (M,,..., M, )dn(X,)+ib, (M, ..., M,_))
r=1
dj2
=iM,+> b (-idn(v),..., —idn(v,_,)dn(X,)
r=1

+iby (~idn(v,), ..., —idn(v,_,))

d/2
iM, +dn (Z b, (—iv,, ..., - ivw_l)Xk,)

r=1
. ! . .
+idn (bo‘,(—zvI ey — ”’w—|)) .

Therefore, if we set
dj2
. . oy ! . .
Uy = X = Db (=ivys o —iv, )X = iby (=i =i, ),
r=1

we have that dn(v, ) = iM, . It is then clear that we can also find elements
u, € U(gc) such that dn(u,) = D, (Proposition 2.3.1), and it follows that

dn(U(ge)) = & a Z(Rd/ 2). This result is of course immediate from Theorem
3.2.1. The point is, however, that here we have proved this result without the
usual induction-on-the-dimension-of-the-group argument. Having this result it
follows easily that the representation n is irreducible.

This means that we have now, for the first time, a noninductive proof of the
fact that one can associate a well-defined class of irreducible representations
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of the group G with each coadjoint orbit. In fact, here we have proved that
the representation constructed by means of a Vergne polarization is irreducible,
and it follows by a noninductive argument from [10] that any representations
arising from a polarization satisfies the Kirillov character formula. Since we
have proved here that at least one of these representations is irreducible, they
all are, and, moreover, they are all equivalent.

We note that we have also given, for the first time, a noninductive proof
of the fact that the image by the differential of an irreducible representation
associated with an orbit is isomorphic to the Weyl algebra & (Rd/ 3.

Let us finally remark that there are other basic results from the Kirillov theory
that still lack noninductive proofs; the most important of these are the fact that
all irreducible representaions are associated with orbits, and the fact that the
center of the universal enveloping algebra is isomorphic to the algebra of all
G-invariant polynomials on g* (where we even have an explicit isomorphism
using the symmetrization map).

5.5. The rational functions p°. We shall now define the rational functions pf
appearing in Theorem 5.1.1.

First we consider the functions ﬁro defined in §5.4. We start by noting that
if ¢,y € &(0), then

op Oy
{o.¥}= Z (E " )——,
u,v=l1 Julok ayjuayju

see §2.1. It follows that if we let «, (g,y) denote the entries of the matrix

-1
Alz(af (»)), O = Gg, where A,(/) is defined in §5.4, we get with, the
notation from the proof of Lemma 5.4.1, that

d m fk af
a,(g.y)= ) (Zc,mk (&5 y)) '(g y)ay (&),
Jv

u,v=1 \k=1

and from this it follows that we can extend «,(g,y) in a natural way to
a rational function on g* with denominator in the algebra generated by the
polynomials P,,...,P, . Letthen B (g,y) denote the entries of the matrix

-1
B(ao‘g (»)), where also the matrix B(/) = Alz(l)_l is defined in §5.4. Since
detB(/) = Pe,,,([) for | € Q, we see that we can extend g — B, (g,y) to

a rational function on g* with denominators in the algebra generated by the
polynomials Pe. R ’Pe,,, . We then set

d/2
F(g,9)=)_ B, (8.0 (g.y), r=1,...,d/2.

s=1

The functions (g,y) — f,(g, y) are the polynomials in the variable y and
rational functions the variable g with denominators in the algebra generated
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by the polynomials Pe, ..., P, ,and it follows from §5.4 that if g € Q, and
O =Gg, then

0 =

p,(y)=F,(g,y)

Having this result we proceed to consider the functions pro constructed using
Lemma 5.4.5. In the proof of Lemma 5.4.5 we constructed pdo, cee plo be a
recursion procedure. Inspecting this procedure, using the result we have already

obtained about ﬁro, and arguing as above we see that there exists functions
F,(g,y) that are polynomial in the variable y and a rational function in the

variable g with denominators in the algebra generated by Pel R ,Pem , and
such that |

0, B~

p (o, )=F(g.y),
when g€Q,, 0=Gg, r=1,...,d/2.
We now define the functions pf by
pi(8) = F,(R,(8.0), ... .R,(£.0).5, ,....¢, ).

where we identify elements g € g* with their coordinates & ;= (g, X j) with
respect to the basis in g* dual to X,, ..., X, . Clearly the functions p}, r =
1,...,d/2, are rational functions with denominators in the algebra generated
by Pe. ; ..., P, ,and we have

p’=pl0, r=1,...,d/2;

in fact, let /€ O, and set y = af(l). Then (/,X,) =y, ,s0

p2()=F(l,y)

=F,(R(1,0),...,R,(1,0),y, ,...,5,)
=pi(l).
We have now found the rational functions p; and g, from Theorem 5.1.1, and
this ends the proof of Theorem 5.1.1. Let g be the 6-dimensional nilpotent
Lie algebra with a basis & : X, ..., X, satisfying the following nonvanishing
commutation relations (we only give [X,,X] for i>j):
[Xe, Xs] = X,, [Xg, X,]= X5, [Xg, K] = Xy,
(X5, X,]1=X,, [X;, X,] = -X,, [X,, X;]1=X,.
We only carry out the calculations in the first stratum. The other strata are han-

dled similarly. The canonical coordinates (p,,p,,q,,q,) have been calculated
using the algorithm from §5.

Ist stratum: ¢ #0:

The 5-tuple of jump indices: ¢ = (2,2,3,{3,4},{2,3,4,5},{2,3,4,5})

The dimension of orbits: d = 4.
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The jump indices:
j|=2s j2=3s j3=4’ j4=5’

k,=4, k,=5,

I, =3,1,=2,

I =2,1=3.

The polynomials Pe,-:
P83=Cl,

P, =-&.

The functions l//Xj =R g expressed in the coordinates (v,,y;,¥,,¥s):

R/(&,y)=y,=¢,,
R,(8,y)=Y,,
Ry(g.¥) =Y,
R,(&,¥)=Y,,
Rs(g.y) =5,

R(2.,y) =¥, =66+@(—&.égﬁsf,ei—2¢§+6¢,y2y4—3é,y§+2y§>.

The rational functions (p{,p;,4;,4;):

PE= L (£l - &),
¢

1
p; = _64 s
1
‘I: = 62 s
q; = 63 .
The canonical coordinates (p,,p,,q, ,q,) expressed in the coordinates (y,, V3»
V4rVs):
1
b, = —2('{1)’5 "y3y2) ’
¢
p,= l.V
27
9, =Y,
q4=Y;.

The functions l//xf expressed in the canonical coordinates (p, ,p,, q,,9,):

y]=€|’
y2=qls
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V3=4,,

Vs é,pz,

Vs = 51( Ep, - a4,

V= g (65 &+ 6E7q,p, — 6¢,8,E, + 38,6 —3¢,q40 - 286 +2¢7).
1

The representations calculated from the formula in Theorem 3.2.1 using the
global canonical coordinates (p,,p,,q,,4,):

dﬂ(Xl) = lél s
dn(X,) = it,,
dn(X;) = it,,
dn(X) = & 57
dn(Xy) = (-2 - itlz2>,
c, a1,
dn(X,) = 2 (6: 2+ 68 az — 68,68, + 38,8 — 3iE, 15 — 28 + 2it]).

The elements u,,u,,v,,v, € U(g.) defined in §3.2, cf. Theorem 3.2.1:

1 .
u = —Z(CIX5 +1X5X,),
¢l
w=L
2 él 4
v X,,
v X

Added in proof. In a recent paper by P. Bonnet, Paramétrisation du dual d’une
algebre de Lie nilpotente, Ann. Inst. Fourier (Grenoble) 38 (1988), 169-197,
results similar to those of §5 in the present paper have been obtained.

REFERENCES

1. D. Arnal, J. C. Cortet, P. Molin and G. Pinczon, Covariance and geometrical invariance in
*-quantization, J. Math. Phys. 24 (1983), 276-283.

2. L. Corwin, F. P. Greenleaf and R. Penney, 4 general character formula for irreducible
projections in L? of a nilmanifold, Math. Ann. 225 (1977), 21-32.

3. J. Dixmier, Algébres enveloppantes, Gauthier-Villars, Paris, 1974.
. J. Dixmier, Représentations irréductibles des algebres de Lie nilpotents, An. Acad. Brasil
Ciénc. 53 (1963), 491-519.
5. A. A. Kirillov, Unitary representations of nilpotent Lie groups, Uspehi Mat. Nauk 17 (1962),
57-110.

IS

6. A. 1. Malcev, On a class of homogeneous spaces, Amer. Math. Soc. Transl. (1) 39 (1951).

7. N. V. Pedersen, On the infinitesimal kernel of irreducible representations of nilpotent Lie
groups, Bull. Soc. Math. France 112 (1984), 423-467.




GEOMETRIC QUANTIZATION 563

8. —_, Characters of solvable Lie groups, Harmonische Analyse und Darstellungstheorie
topologischer Gruppen, Tagungsbericht 33/1985, Mathematisches Forschungsinstitut,
Oberwolfach, 1985.

9. —_, On the symplectic structure of coadjoint orbits of (solvable) Lie groups and applications.
I, Math. Ann. 281 (1988), 633-669.

10. L. Pukanszky, On the characters and the Plancherel formula of nilpotent groups, J. Funct.
Anal. 1 (1967), 255-280.

11. M. Vergne, La structure de Poisson sur [’algebre symmétrique d’une algébre de Lie nilpotente,
Bull. Soc. Math. France 100 (1972), 301-335.

MATHEMATICAL INSTITUTE, UNIVERSITY OF COPENHAGEN, UNIVERSITETSPARKEN 5, DK-2100
COPENHAGEN, DENMARK




